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Abstract. In this paper, we establish the local well-posedness and blow-up 
criteria of strong solutions to the Ericksen-Leslie system in R 3 for the well- 
known Oseen-Frank model. The local existence of strong solutions to liquid 
crystal flows is obtained by using the Ginzburg-Landau approximation ap- 
proach to guarantee the constraint that the direction vector of the fluid is of 
length one. We establish four kinds of blow-up criteria, including (i) the Ser- 
rin type; (ii) the Beal-Kato-Majda type; (iii) the mixed type, i.e., Serrin type 
condition for one field and Beal-Kato-Majda type condition on the other one; 
(iv) a new one, which characterizes the maximal existence time of the strong 
solutions to the Ericksen-Leslie system in terms of Serrin type norms of the 
strong solutions to the Ginzburg-Landau approximate system. Furthermore, 
we also prove that the strong solutions of the Ginzburg-Landau approximate 
system converge to the strong solution of the Ericksen-Leslie system up to the 
maximal existence time. 



1. Introduction 

The Ericksen-Leslie theory is successful in describing dynamic flows of liquid 
crystals in physics, which is based on the fundamental Oseen-Frank model. Math- 
ematically, the static theory of nematic liquid crystals involves a unit vector field 
u in a region £1 C M 3 . The Oseen-Frank density W(u, Vu) is given by 

W(u, Vu) = fei(div u) 2 + k 2 {u ■ curl u) 2 + k 3 \u x curl u\ 2 + Li[tr(Vu) 2 - (div u) 2 ], 

where fci, k%, k% and k± are positive constants. The free energy for a configuration 
u e H^tyS 2 ) is 



E(u;Q) = / W(u,Vu)dx. 

The Euler-Lagrange system for the Oseen-Frank energy E(u, £1) is: 

V Q [W K (u, Vu) - u l u l W p i a (u, Vu)] - W u i (u, Vu) + W u i (u, Vu)u l u l 

+ W p i a (u, Vu)V a it'u i + W p i a (u, Vu)u l V a u' =0 in 

for i = 1,2, 3 (see [13]). where the standard summation convention is adopted. 

Since the divergence of tr(Vu) 2 — (div u) 2 is free ([5]), one can rewrite the density 
W(u, Vu) as 

W(u, Vu) = a|Vu| 2 + V(u, Vu), a = min{/ci, fc 2 , /c 3 } > 0, 

where 

V(u, Vu) = (fci — a)(div u) 2 + (fc 2 — a)(u ■ curl u) 2 + (k 3 — a)\u x curl u| 2 . 
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Hardt, Kinderlehrer and Lin in |10j proved that a minimizer u of the energy E 
is smooth away from a closed set £ of fl. Moreover, £ has Hausdorff dimension 
strictly less than one. See further contributions in [5] and [TT] about the static 
theory of liquid crystals. 

Dynamic motion of liquid crystals are described by the Ericksen-Leslie system, 
including the velocity vector v and the direction vector u of the fluid (see [9] and 
[18]). More precisely, let v = (i; 1 , v 2 , u 3 ) be the velocity vector of the fluid and 
u = (u 1 , it 2 , u 3 ) the unit direction vector. The Ericksen-Leslie system is given by 
(eg. EI] and [22]) 

(1.1) v\ + (v • VK - At; 1 + V XlP = -V Xj (V Xi u k W p k(u,Vu)), 

(1.2) V-v = 0, 
(1.3) 

u\ + (v ■ VK =V Q [Wpt a («, Vu) - u'uYpj («, Vu)] - Vtt) 
+ W u * (u, Vu)u V + Wp^ (it, Vu) V Q 

for i = 1,2, 3. Here ^, A are given positive constants, and p is the pressure. 

The system (|l.ip - (|1.3j) is a system of the Navier-Stokes equations coupled with 
the gradient flow for the Oseen- Frank model, which is an extension of the harmonic 
map flow ([5J). Caffarelli, Kohn and Nirenberg j3] established the fundamental re- 
sult on the existence and partial regularity of the global modified weak solutions of 
the Navier-Stokes equations (See also [TH], [2S])- On the other hand, Struwe [2S] 
and Chen-Struwe [1] established the existence and partial regularity of global weak 
solutions of the harmonic map flow between manifolds. There is an interesting 
question to establish the global existence of weak solutions of (|l.ip - p.3[) supple- 
mented with initial or initial-boundary conditions. The question for the case of 
ki = k-2 — &3 was answered by the first author in [T2] in K 2 and Lin-Lin- Wang [2D] 
in a bounded domain of R 2 independently. Recently, the first and third authors [13] 
proved the global existence of weak solutions of the general Ericksen-Leslie system 
(|1.1|) - (|1.3|) in R 2 . However, the question on the global weak solution on the sys- 
tem in 3D is still unknown. In the study of the Navier-Stokes equations, there are 
two well-known blow-up criteria for the strong (smooth) solutions: the Serrin (also 
called Ladyzhenskaya-Prodi-Serrin type) criterion [23] and the Beal-Kato-Majda 
type criteria [2J. Recently, for the simplified model, i.e. fci = &2 = ka, the local 
strong solutions was obtained by Wen and Ding [14] , and the blow up criterions 
were obtained by Huang and Wang [15] . and there have been many new results 
developed in this direction [16) . 

In this paper, we consider the Cauchy problem to the Ericksen-Leslie system 
(|1.1[) - (|1.3[) for the general Oseen- Frank model in E 3 . Suppose that the initial data 
is given by 

(1.4) u(x, 0) = Uo(x), v(x, 0) = vo(x). 

Throughout this paper, we always assume that (uo,vq) satisfies 

vaEH^R 3 ), divv = 0, u -beH 2 (R 3 ), \u \ = 1 

for some constant unit vector b. 

In order to state our results, we give the definition of strong solutions and intro- 
duce some notations. 
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Definition 1.1. For any T > 0, a couple (u,v) is called a strong solution to the 
system fOp -ifO ]) in R 3 x (0,T) if and only if 

u G L 2 (0,T;£T & 3 (R 3 )), d t u S Z/^Tjii^R 3 )), \u\ = 1, 

v G L 2 (0,T;.ff 2 (R 3 )), <9 t v G L 2 (0, T; L 2 (R 3 )) 

and satisfies the equation a.e. (x,t) £ R 3 x (0,T). 

Definition 1.2. ^4 finite time T* > is called the maximal existence time of a 
strong solution (u,v) to the system (1. l\) - !fT73\) if and only if (u,v) is a strong 
solution in R 3 x (0, T) for all T < T* and 

The maximal existence time of the strong solution to the approximate system 
(|1.5p (|1.7j) can be defined similarly. For T > 0, we denote 

I^ILofS.TjMR 3 )) + , in f IMIl«(S,T;.Z>-(R3))> 

C,T;BMO(l 3 )) + II^IL^f ,T;L~(R 3 ))' 
ML«(f ,T;L-(R 3 )) + I|Au|| l i ( t: iT . L oo (K 3)), 

£ t 1 - r A^r o nro3 + inf Vu 



J X (T) = 


inf 


(?,r)eo 


MT) = 




MT) = 


inf 




MT) = 


IMIz,i( 



where u) = V x v and 

3 



0=U?,r)G 



= 1, q G [2, oo), r G (3, oo] 



Then, we have the following results on the local existence and blow up criteria 
of strong solutions to the system (|1.1[) - (|1.4[) . 

Theorem 1. The system \1. 1\) - (L^\ ) has a unique strong solution (u,v) in R x 
(0,T*) for some positive number T* depending only on the initial data. The maxi- 
mal existence time T* < oo can be described as 

Ji(T*) = J 2 {T*) = J 3 (T*) = J^T*) = oo. 

Moreover, for any T > 0, Ji(T), J2(T), Jz(T) and Ji{T) are equivalent in the 
following sense: 

J\{T) = oo •<=>■ J2{T) = oo J3(T) = oo •<=>■ Ja{T) = oo. 

The proof of Theorem Q] is divided into two parts: local existence and blow- 
up criterion of the strong solution. For the proof of the local existence of the 
Ericksen-Leslie system, the main difficulty is that the system (1.4)-(1.6) is not 
a standard parabolic system in the sense described in [17] or [8]. As a result, 
the constraint \u\ = 1 cannot be derived directly from the system by using the 
maximum principle. To overcome this difficulty, we follow the same idea in [13] to 
consider the approximating Ericksen-Leslie system in the following: 

(1.5) v\ + (v • VK - At; 1 + V XiP = -V Xj {V Xi u k W p k{u,Vu)), 

(1.6) V-v = 0, 

(1.7) ul + (v • VK = V Q [W K (u, Vtt)] - W u i (u, V«) + ^u l {l - \u\ 2 ) 
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for i = 1,2,3, prescribing the initial condition (|1.4j) . However, it should be noted 
that the condition that uq £ Hi and vq £ I? is insufficient to establish the local 
existence of the Ericksen-Leslie system in 3D. Instead we must assume that uq £ H 2 
and £ H . Under this condition, we can establish uniform estimates in e on 
higher derivatives of solutions (u e ,v £ ) to the approximation system (|1.5p - (|1.7[> in a 
short time and prove the local existence. In order to obtain such uniform estimates 
of j |V 2 ?i e | 2 + |Vu £ | 2 + \dtu £ \ 2 , the first key idea is to prove that \u e \ is close to 
1 as e goes to zero and the second key idea is to control a difficult term term 
/ 1 ~| ; 2 C ^ |i9tMe| 2 by using the decomposition 

d t U e = — i-pj(<9 t U e • u e )u e - — ^ (d t u e X U e ) x u e . 
\u e \ \u E \ 

We note that d t u e x u e is independent of e by equation (| 1 . T|) . 

To establish the blow up criteria of the Ericksen-Leslie system, we need a prior 
estimates on high derivatives of the solution before the maximal existence time 
T* . Two kinds of estimates are established, which roughly speaking involve the 
L°°(ff 1 ) and L°°(H 2 ) bounds of (v,Vu), respectively. One of the key ideas in 
establishing such estimates is using the constraint \u\ = 1 to handle the terms like 
u ■ A u by reducing the order of the derivatives. In Theorem 1, we impose a Scrrin 
type condition or Beal-Kato-Majda condition on u or v. If we impose a Serrin type 
condition on the velocity field v, the L°°(iJ 1 )-bounds on (v, Vu) is sufficient for 
the proof, no matter what kind of condition is imposed on the direction field u. If 
imposing a Beal-Kato-Majda condition on the velocity field v, we have to analysis 
the second kind estimate L°°(H 2 ). In this case, a new logarithmic Sobolev type 
inequality is needed to control the L 1 ([0, T]; L°°(]R 3 )) norm of Vd in term of its 
i 1 ([0, T]; BMO(l 3 )) and the norms of higher order derivatives. 

Remark 1.1. (i) J\(T*) — oo is a Serrin type condition for both fields u and v; 
J2(T*) = oo is a Beal-Kato-Majda type condition for both fields; Js(T*) — oo and 
Ji(T*) — oo are a Serin type condition for one field and a Beal-Kato-Majda type 
for the other one. 

(ii) Recently, Huang- Wang [15] established the blow up criterion of the form 

IMIl;(l-) + l|Vw|| L 2 (L?) = oo, 

for the simplified model, which is a special case of J4 in Theorem^ 

(ii) Theorem^ shows that the Serrin type condition is equivalent to the Beal- 
Kato-Majda type in our case. 

By comparing with the well-known result of Chcn-Struwe 4 on the harmonic 
map flow, it is of interests to investigate the convergence problem of solutions of 
the approximating system (|1.5|) - (|1.7|) . In fact, the approximating Ericksen-Leslie 
system l|1.5|) - (|1.7|) was first introduced by Lin-Liu in [21] through the Ginzburg- 
Landau approximation. They proved global existence of the classical solution of the 
approximate system l|1.5|) - l|1.7|) with (|1.4[) in dimension two and the weak solution 
of the same system in dimension three for the case of k± — &2 = &3- Since their 
estimates depends on the parameter e (also see [22]). it is unknown whether as 
e — >• the solutions (u e ,v e ) of (|1.5|) - (|1.7|) converge to the solution of the original 
Ericksen-Leslie system (|l.ip - (|1.3|) . In this paper, we can answered this problem 
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and prove that these strong solutions (u B ,v e ) of the approximate system (jl.5jl - 
()1.7j) converge to the strong solution (u, v) of the original Ericksen-Leslie system 
up to the maximal existence time of (u, v). More precisely, we have: 

Theorem 2. Let (u, v) be a strong solution to the system il.l)) - [L^\ ) in M 3 x 
(0,T*). Let (u ei v £ ) be the unique strong solution to the system 1 1.5\) - [T77\ ) in 
M 3 x (0,T*) with ^l-4\ ), where T* is the maximal existence time of l(1.5\) - [l~7\ ). 
Then for sufficiently small e, T* > T* and for any T £ (0, T*), it holds that 

(Vu e ,v £ ) -> (V«,«), m L°°(0,T; L 2 (R 3 )) n L 2 (0,T; H^M 3 )) 

and 

lim(||(Vu E ,W £ )|| iO c(0, T ;Hi(R 3 )) + ll( V ^'^)llw 2 3 ' 1 (R3x(0,T))) < °°> 
where \\f\\ w ^( R 3 x ^ iT)) = \\f\\L 2 (Q,T:H 2 (R^) + II^/||l 2 (R 3 x(0,T))- 

Furthermore, T* < oo is the maximal existence time if and only if 

lim [|(Vu e ,U e )||i«( 0) T*;I,'-(R3)) = oo 

for any (q, r) € O, with O being the same set stated as before. 

The key in the proof of Theorem [5] is to establish the strong convergence and 
uniform estimates, which is divided in three steps: in step 1, we prove the strong 
convergence and uniform estimates up to a time Tm, where M is a constant de- 
pending only on the initial data and T; in step 2, we show that if the strong 
convergence and uniform estimate hold true up to T\ with T\ < T, then they hold 
true up to another time T 2 := min{T, 7\ + 7m}; in step 3, we prove the strong 
convergence and uniform estimate up to time T . To prove the strong convergence 
up to Tm, we need to derive high order estimates up to time Tm and prove that 
the energy of (u E ,v e ) is small outside a big ball uniformly for e. High order esti- 
mates of these strong solutions are guaranteed by Proposition 12.11 which, roughly 
speaking, states that the existence time and the uniform estimates of these strong 
solutions depend only on the H 1 bounds of the initial data (Vu e (0), v e (0)) and 

the L? bounds of lHl ^ (0)l u s (0), while the unifo rm smallness outsider a big ball 
can be guaranteed by our Lemma [3.31 which is a local type of energy inequality. 
Using these two tools, we can prove the strong convergence of these solutions up 
to the time Tm- If the strong convergence and uniform estimate hold true up to 
time T\ for some T\ < T, by the aid of the strong convergence and the uniform 
estimates up to time T\, we show that the H 1 bounds of (Vu e (Ti), v e (Ti)) and the 

L 2 bounds of ^—^j^-u E (Ti) is controlled by M. As a result, starting from T\ and 
taking (u e (T{),v s {Ti)) as initial data, we obtain high order estimates up to time 
T2 = min{T, T% + Tm}- With this estimate in hand, using the same argument as in 
step 1, we can show the strong convergence up to T^- Continuing this procedure, 
we prove the strong convergence up to T, and thus complete the proof of Theorem 
[2] By the aid of the strong convergence and uniform estimate, we can characterize 
the maximal existence time in term of the strong solutions to the Ginzburg-Landau 
system. 

Remark 1.2. Theorem\^can be viewed as a blow up criterion of the strong solutions 
to the Ericksen-Leslie system \1. 1\) - [T73\) in term of the Serrin type norms of the 
strong solutions to the Ginzburg-Landau approximation system il.5\) - [T77\ l. It is a 
new kind of blow up criterion for the Ericksen-Leslie system even for the simplified 
case that k\ — &2 = &3- 
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The rest of the paper is organized as follows. In Section [21 we prove the local 
existence part of Theorem [T] the blow-up criteria part of of Theorem [T] is proved in 
Section |31 Finally, we give the proof of Theorem [5] in Section @] 

2. Local existence 

In this section, we prove the local existence of strong solutions to the Ericksen- 
Leslie system by using the Ginzburg-Landau approximation mentioned in Intro- 
duction. One can easily check that the following hold 

W(z,p) >a\p\ 2 , W pi ^(z,p)^ >a\t\ 2 , Vz G ]R 3 ,p, £ G M 3x3 , 

\W(u,Vu)\ < C|u| 2 |Vu| 2 , \W u i(u,Vu)\ < C|w||Vu| 2 , 
\W u , u] (u,Vu)\<C\S/u\ 2 , \W pi Ju,Vu)\ <C\u\ 2 \Vu\, 
\W p ^(u,Vu)\ < C\u\ 2 , \W u% (u,Vu)\ < C\u\\Vu\. 

These inequalities will be used in the following text without any further mentions. 
For the Ginzburg-Landau approximate system (ll.5l) - (|1.7|) , the following local exis- 
tence result holds. 

Lemma 2.1. Suppose that the initial data (uq £ ,vo s ) satisfies 

u Qe - b 6 H 2 (M. 3 ), v 0e eH 1 (R 3 ), divv Oe = 0, 

where b is a constant unit vector. Then there is a positive number T e °, such that 
the system lll.5\) - [T77\ ) with initial data (uq £i vq £ ) admits a unique solution (u e ,v e ) 
on R 3 x (0,T°), satisfying 

u e G L 2 (0,T e °;ff 3 (R 3 )), d t u e € L 2 (0, T°; H 1 (R 3 )), 
v, G L 2 (0,T?;H 2 (R 3 )), d t v e G L 2 (R 3 x (0,T°)). 

Proof. We can apply the standard contraction mapping principle based on the 
following linearized problem 

v\ - Av* + V t P = -V 3 {ViU k W p *{u, Vu)) - vVv\ 
V-v = 0, 

u\-V a [W p i a (u, Vu)] = -W u .(u,Vu) - vVv? + ^u l {l - \u\ 2 ) 
for i = 1,2, 3. The argument is standard, and thus omitted. □ 

For strong solutions to the system (ll.5[) - (ll.7[) . it holds the following basic energy 
balance. 

Lemma 2.2. Let (u e ,v £ ) be a strong solution to the system il.5\) - (T7J\ ) in R 3 x 
(0,T). Then 

+ / (\Vv £ \ 2 + \d t u e + {v e -V)u £ \ 2 )dt = 
Jr 3 

for any t G (0, T). 
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Proof. Multiplying (|1.5[) by v\ and ()1.7|) by dtu\ + v £ ■ Vu\ respectively and then 
summing the resulting equations up and integrating over R 3 , we obtain 



d 

dt. 



W(u s ,Wu £ 



(i-\u £ \ 2 ) 2 



4e 2 



+ / (\Vv £ \ 2 + \d t u £ + {v e ■ V)u £ \ 2 )da 



dx 



■■ f [\7 t u k £ W pk (u £ , Vu e )Vjvi + v £ ■ Vui(V a (W p i (« e , Vu e )) 

- W u i(u E ,Vu e ))+v e ■ V<^(1 - \u £ \ 2 )u\]dx 
: / [V l u k e W k (u £ , Wu e )Wjvi -V a v £ - Vu l £ W p , (« e , Vu e ) 

- ^VtoH^p, (u £ ,\7u £ ) - v k £ V k u\W ul (u e , Vu £ )]dx 

v k V k {W{u £ ,Vu £ ))dx = 0, 

which proves the claim. 

The following high order estimate is one of key lemmas in this paper. 

Lemma 2.3. Let (u £ ,v £ ) be a strong solution to the system lil.5\) - [l~7\ ) i 
(0,T). Assume that § < \u £ \ < f on R 3 x (0,T). Then for any t G (0,T), 

(|AM e | 2 + |9 t u e | 2 + |Vw e | 2 )da;+ / (a\V 3 u £ \ 2 + a\Vd t u £ \ 2 



□ 



ilAklT + 7 1 

2 i l„, |2\/|Y72„, |2 i la „ |2 , |v7„, |2 



-|A« £ | 2 + |a tU£ | 2 + ^|A|u £ | 2 | 2 + 4l 9 *l M < |2rJ 



<C / (|V Me | 2 + k| 2 )(| W| 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx, 

JR 3 

where C is a positive constant independent of e. 

Proof. Since | < |u s | < § on R 3 x (0,T), it follows from (HHJ) that 



3(!-K| 2 ) 



4 

< - 
" 3 



4(1- K\ 2 )u e 



<C\d t u £ + {v £ • VK| + C\W pip i (u s , Vu £ )V a0 u{\ 

+ C\W uiK (u £ ,Vu £ )V a ui\+C\W u ,(u £ ,Vu £ )\ 

(2.1) <C\d t u £ + (v £ ■ V)u E | + C|VV| + C|Vu £ | 2 . 

Differentiating (jTTTJ) in i^, multiplying the resulting equation by V,gAu* and 
integrating by parts, one obtains 

~ [ \Au £ \ 2 dx~- [ Vf,(v e Vui)VpAuidx 

Z dt Jfp J ffi 3 

[V a p(W pi Ju s , V«e)) - V^(W„ i (u E) V« e ))]V^A<dx 
1 



(2.2) 



- V £ 



:(i-ki>: 



V slS.u l ,dx. 



8 



MIN-CHUN HONG, JINKAI LI AND ZHOUPING XIN 



We will estimate the terms on the right hand side of (|2.2|) term by term. Esti- 
mates on the first term can be found in |13j . For completeness, we outline it here. 
Recalling that W(u, V«) is quadratic in u k and ViU k , one has 

V 7/3 % L (u £ ,Vu e ) =V^[W u i p i a (u e ,Vu s )Vpui + W K (u e , VV^tt,)] 

=W u j p i a (u e , Vtt £ ) V 7(3 ?4 + W u j K (V 7 u £ , Vu e )Vpu j e 

+ W u3K (tt e , V^Vu e )V 4 + W p i pi (us, VV u e )Vp 7 iui 

+ W uip i a (tig, VV,3U £ )V 7 mJ. 

Since W p ^(z,u e )£§>a\tf and 

\W uip i a (tie, V-u £ )V 7( 3?4 + W U , K (V 7 M e , Vtie)V / atf| 
+W u i pi (tt e> V 7 V« e )V j 9t4 + W u i p * i (tt e> V j 9Vti e )V 7 i4| < C|Vw e ||V 2 u £ |, 
it follows that 

- / W D < ^ V^Vtie)V^j^V 7 ^ Q ti*da; < -a / |V 3 tt e | 2 rfa; 

and 

/ [W u3p , (tie, Vtt e )V 7/3 ?4 + W^pi (V 7 ti e , Vu e )V U J e 

+ (tie, V 7 Vtte)V /3 u £ + Wuipi, (tie, Vti £ ) V 7 t4] V af3l u l £ dx 

<?? / \\7 3 u £ \ 2 dx + C [ (|Vu £ | 2 |V 2 ?i £ | 2 + |Vu £ | 6 )da;. 

JR3 JR3 

Combining the above two inequalities yields 

- / V^(Wp; (u e , Vu £ ))V^ A u* da: = - / V^W p i {u e , Vu £ )VL Q < da; 

JR3 JR3 



(2.3) <-(a-r?) 



|V 3 ti e | 2 da; + C / (|Vu £ | 2 |V 2 u £ | 2 + |Vtt £ | 6 )da 

Jig? 



for a sufficient small r\ > 0. Hence 

Vf3[W ui (u e ,Vu e )]VpAuldx 

= / [WW (tie, VUeJVfluj + W ui * (tie, Vti E ) Vorfjtt*] Vfl A«*<fc 

JR3 

(2.4) <r) [ \\7 3 u £ \ 2 dx + C [ (|Vu £ | 2 |V 2 u £ | 2 + \Vu £ \ 6 )dx. 

JR 3 JR3 

Now we estimate the second term on the right hand side of (|2.2[) . Direct calcu- 
lations give 

ulA 2 ul =A(<A<) - 2V«*AVu* - |Au^| 2 

=A Qa|<| 2 - |V<| 2 ) - 2V<AV< - |A<| 2 

= iA 2 |<| 2 - 2V«*VA«* - 2|V 2 <| 2 - 2V<AV< - |A<| 2 
=~A 2 |<| 2 - 4V<VA< - 2|V 2 <| 2 - |A<| 2 . 
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Due to (12. ip . one has 



3(i-kl>i 



VpAu^dx = 



tA 2 u\dx 



" " ' ^A 2 K| 2 - 4V<VA< - 2|V 2 <| 2 - |A<| 2 ) ,/,■ 



1 



(4V<VAu* 



(2.5) 



+ 2|V 2 <| 2 + |A<| 2 )dx 
<7? / |VA We | 2 dx- -L /" |AK| 2 | 2 cte + C / [|Vu £ | 2 (|c^ + ^Vu £ 
+ \Vu £ \ 4 + |VV| 2 ) + (Ifttfe + v s Vu e \ + \\7 2 u £ \)\V 2 u e \ 2 ]dx. 



Substituting (|2T3|) - (|275|) into (J2T2J) leads to 



j t I \±n £ \ 2 dx 



^|VV| 2 + i|AK| 2 | 2 
2 e 



dx 



<2 / V/st^e • V)u e ]V pAuedx + C / [(|<9 t u £ + v £ Vu £ | + |V 2 u £ |)|V 2 u £ 

JR 3 JR3 

(2.6) + \Vu £ \ 2 {\dtu £ + v £ \7u £ \ 2 + |Vu £ | 4 + \\7 2 u £ \ 2 )]dx. 
Then it follows from Young inequality that 



^ / \Au £ \ 2 dx+ [ (a|V 

JR 3 JR3 \ 



3 Me | 2 + ^|A| Me | 2 | 2 j d.r 



<C / [{\Vu £ \ 2 + \v £ \ 2 ){\V 2 u £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 ) 

JR 3 

(2.7) + |V 2 u £ | 2 (|V 2 u £ | + \d t u £ \) + |v £ | 2 |Vu £ | 4 + \Vu £ \ 6 }dx. 

Differentiating equation (jTTTJ) with respect to t, multiplying the resulting equa- 
tion by dtu\ and integrating over M 3 , recalling (|2.1[) . we have 

d f \d t ul\ 2 



d C \dtu l r f 

17 / LL ^ Ldx + / W vi < (u e ,Vu e )d t Vpuld t V a uldx 
dt Jr 3 z J r3 l a 

= ~ I [W uipi (u £ , Vu £ )d t ulVd t ul + (v £ Vd t u l e + d t v £ Vul)d t ul 

JR 3 

+ W u i ui (u £ , S7u £ )d t u l E d t ul + W ui ^ (u £ , S7u £ )S7d t uid t ul 
+ ±\ dt \u £ \ 2 \ 2 + ^(\u £ \ 2 -l)\d t ul\ 2 }dx. 
This, together with W ' t i (z,p)\^\ 2 > a|£| 2 and J R3 v £ Vd t v l £ dtvldx = 0, shows that 



j- t j \d t u £ \ 2 dx + 



yiva^l 2 



\dt\i 



2(k| 2 -l) 



\d t u £ f 



dx 



(2.8) < V [ \d t v £ \ 2 dx + C [ \Vu £ \ 2 \d t u £ \ 2 dx. 
Jm 3 Jr 3 

Due to the identity 



d t u £ = \u £ \ 2 (d t u £ ■ u £ )u £ - \u £ \ 2 {d t u £ x u £ ) x u £ 
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it holds 



\dt\u e 



2(H 2 -i) 



\d t \u. 



2 1 2 f\., 12 



dx 



(\Ue\ 2 -l) 

2e 2 \u F \ 2 



\d t \u e 



2(|, 



1) 



((<9 t w £ x u £ ) x u e ) ■ d t u £ 



dx 



(2.9) 



> 



\d t \u £ \ 2 \ 2 2(K| 2 -1) 
2e 2 e 2 |ii e | 2 



((9 t u £ x u e ) x u s ) ■ d t u e 



dx. 



where in the last step, the assumption |u £ | > | > ^ has been used. 

Now, we estimate the term J R3 ^fe^ ((9t u e x u e) x u e) ' d t u e dx in (|2.9j) . It 



follows (JT77J) that 

{We? -I) 



-2 (\ 



and thus 



-d t \u e \ 2 - V a (W Pa (u e ,V« E )) -u e 



R3 U 



2 ^tk| 2 -V a (W Pts (u e ,V<))-<X e 



+ (W u (u £ , Vu £ ) +w £ V)i e ) •u £ )[((5 t u £ x u £ ) x m £ ) -9tu £ ]da; 
-2 



«3 l M e 



-(W„(u e , Vw £ ) + v £ Vu £ ) • u e ((d t u £ x u e ) x u £ ) ■ d t u £ dx 
-V Q (Wp Q (w £ , Vu e )) • u £ ((d t u £ x u £ ) x u e ) ■ d t u £ dx 



-1 



/r3 K| 4 
=/l+/2+/ 3 - 

To estimate 2i and ^2, we have 



<9 t |u £ | 2 ((<9 t u £ x u £ ) x u e ) ■ d t u £ dx 



h<C (\v £ \ 2 + \Vu £ \ 2 )\d t u £ \ 2 dx, 



and 



h=- I W Pa (u £ ,Vu £ )V a 

JR 3 

<C [ \Vu £ \(\d t u £ \\\7d t u £ \ + \Vu £ \\d t u £ \ 2 )dx 
Jr 3 

<r) [ \Vd t u £ \ 2 dx + C f \Vu £ \ 2 \d t u £ \ 2 dx. 

JR 3 JR 3 



ru £ ((d t u £ x u £ ) x u e ) ■ d t u £ I dx 



To estimate -Z3, we use (jl.7l) to obtain 

<9fti £ X m £ = [V a (W Pa (u £ , Vu e )) - W„(u e , Vw £ ) - (v £ ■ Vu e )\ x u £ 
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Thus 

J 3= / f^dt\ue\ 2 [(V a (W Pa (u E ,Vu E ))-W a (u e ,Vu e ) 

JR 3 \ u e\ 

— (v £ ■ V)w E ) x u £ x u £ ] ■ dtu e dx 
<C I [\W Pa {u £ ,Vu £ )\{\Vu £ \\d t u £ \ 2 + \d t \u £ \ 2 \\Vd t u £ \ 

JR 3 

+ \Vd t \u £ \ 2 \\d t u £ \) + \d t \u £ \ 2 \\d t u £ \(\Vu £ \ 2 + \v e \ 2 )]dx 
<C [ [\Vu £ \(\Vu £ \\d t u £ \ 2 + \d t u e \\Vd t u e \) + \d t u e \ 2 (\Vu e \ 2 + \v e \ 2 )]dx 

JR 3 

<r? / \vd t u £ \ 2 dx + c [ (iv^ + i^i 2 )!^^! 2 ^. 

Jr 3 Jr 3 
Combining above estimates of I\ , I2 , -^3 shows 

r 2(Kp-i) 

/ 21 12 (("« u £ X u e) X u e) ' <JtU £ dx 

JR 3 £ 

<7? / \Vd t u e \ 2 dx + C { {\\7u 2 + \v e \ 2 )\d t u E \ 2 dx, 
Jr 3 Jr 3 

which, together with (|2.8 p -(|2.9 p . shows 

±[ \d t u £ \ 2 dx+ f (a\\7d t u £ \ 2 + hd t \u E \ 2 \ 2 )dx 
at J R3 J R 3 \ e z ) 

(2.10) <rj [ |d t t> £ | 2 cfe + C / (|Vu £ | 2 + |i; e | 2 )|9 t w e | 2 dx. 

Multiplying equation (|1.5p by <9tt> £ — Av £ and integrating over R 3 yields 
d 



dt 



f \Vv £ \ 2 dx + f (\d t v £ \ 2 + \Av £ \ 2 )dx 
Jr 3 Jr 3 

(v £ • Vu* + V ■ j (V i u k e W pk (u £ ,Vu e )))(d t vi - Avl)dx 



< V (\d t vl\ 2 + \Avl\ 2 )dx + C (\v £ \ 2 \Vv £ \ 2 
Jr 3 Jr 3 

+ |Vu £ | 2 |VV| 2 + \Vu £ \ 6 )dx 
for a sufficient small r\ > 0. Therefore 

^/ \Vv £ \ 2 dx + -( (\d t v £ \ 2 + \Av £ \ 2 )dx 

(2.11) <C f (\v £ \ 2 \\7v £ \ 2 + \\7u £ \ 2 \\7 2 u £ \ 2 + \\7u £ \ 6 )dx. 

Jr 3 

It follows from ([HI), (|2~10l) and ([2~TT]) that 

^/ (|A Ue | 2 + |9, Ue | 2 + |V V£ | 2 )^+ / (a|V 3 u £ | 2 
at 7«3 J R 3 



<c/ [(|V 
Jr 3 



1 

72„, |2 



+a|V9 t u £ | 2 + \Av £ \ 2 + \8 t v £ \ 2 + ^|A| U£ | 2 | 2 + -\d t \u £ \ 2 \ 2 ) dx 



u £ \ 2 + \v £ \ 2 )(\V 2 u £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 ) 
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(2.12) + |VV| 2 (|VV| + \d t u e \) + \v £ \ 2 \Vu e \ 4 + \\7u £ \ 6 ]dx. 
Note that 

/ |V 2 u e | 3 da; = / \V %0 u £ \V %0 u £ ■ VijU e dx 

JR 3 JR 3 

= - / y l (\y lJ u £ \y lJ u £ )v j u £ dx <c \v 2 u e \\v 3 u e \\vu £ \dx 

JR 3 JR 3 

(2.13) <r] ( \\7 3 u £ \ 2 dx + C [ \Vu £ \ 2 \V 2 u £ \ 2 dx 

Jr 3 Jr 3 

and 



\V 2 u £ \ 2 \d t u £ \dx 

= I VijU e -VijU e \dtU e \dx = - V 'i(V \jU £ \d t u £ \) ■ V ju £ dx 

JR 3 JR 3 

<C [ \\7u £ \(\S7 3 u £ \\d t u £ \ + \V 2 u £ \\\7d t u £ \)dx 
Jr 3 

(2.14) < V f {\V 3 u s \ 2 + \Vd t u s \ 2 )dx + C [ \Wu £ \ 2 {\d t u £ \ 2 + \V 2 u £ \ 2 )d2 

JR 3 JR 3 

for sufficient small r\ > 0. On the other hand, integrating by parts gives 

/ \v £ \ 2 \Vu £ \^dx = - [ div(\v £ \ 2 \Vu £ \ 2 Vu £ ){u £ - b)dx 
Jr 3 Jr 3 

<C t (M|Vt; e ||Vu £ | 3 + K| 2 |Vu e | 2 |VV|)^ 

JR 3 

<\ I \v £ \ 2 \vu £ \ 4 dx + c [ (\vu £ \ 2 \vv £ \ 2 + \v £ \ 2 \v 2 u £ \ 2 )dx 

2 Jr 3 Jr 3 

and 

/ \\7u £ \ 6 dx = - I div(|Vw e | 4 Vu £ )(w e - b)dx 
Jr 3 Jr 3 

<C [ |Vw £ | 4 |VV|dx < i f \Vu e \ 6 dx + C [ \Vu £ \ 2 \\7 2 u £ \ 2 dx. 
Jr 3 2 J R 3 J R 3 

These imply 
(2.15) 



/ \v £ \ 2 \Vu £ \ 4 dx<C f (\\7u £ \ 2 \\7v £ \ 2 + \v £ \ 2 \V 2 u £ \ 2 )dx 
Jr 3 Jr 3 



and 
(2.16) 



/ \\7u £ \ 6 dx<C [ \\7u £ \ 2 \\7 2 u £ \ 2 dx. 
Jr 3 Jr 3 

Substituting ^J^-^J^) into ([2~T2l leads to 

^/ (\Au £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx + [ (a\V 3 u £ \ 2 + a\S7d t u £ \ 2 
dt Jr 3 Jr 3 



- ArJ- + \,>,r_\ 2 + i|A|« e | 2 | 2 + 4j|$MT j <l.r 



<C f (\Vu £ \ 2 + K| 2 )(| W| 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx, 
Jr 3 

which completes the proof. □ 
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Due to the above lemma, we can prove the following uniform estimates (inde- 
pendent of e) on the strong solutions to the system ()1.5[) - (|1.7|) . 



Proposition 2.1. Suppose that the initial data (uq £ ,vo £ ) satisfies 

1<\u 0e \<1, u 0£ -b£H 2 (R 3 ), v 0£ £H 1 (R 3 ), &% = 0ml 3 
o o 

|| (Vu 0s ,V 0s 111-1^3) + \\Qe(u0e,V 0£ )\\ 2 L2{R3) < M 2 

for some positive constant M and constant unit vector b, where 

i-W 2 



Q E (u, v) = V a (W Pa (u, Vu)) - W u (u, Vu) 



u — (v ■ V)u. 



Then there is an absolute constant C* > such that the system ftl.5\) - [T77\ ) with 
initial data (uq £ ,vq £ ) has a unique strong solutions (u £ ,v £ ) in R 3 x (0,7m) with 
Tm = C*M , satisfying 



7 . 9 

< \U £ \ < - 



[0,C*M- 



sup 

0<t<T A , 



-1 'm 



\Au F 



|VAw F 



\dtu £ 



\Vv £ \ 2 )dx 



\Vd t u £ 



\Av £ \ 2 + \d t v £ \ 2 )dxdt < C*M-\ 



provided e < Em, where £m is a positive constant depending only on M . 

Proof. By Lemma l2~Tl there is a unique local solution to the system (jl.5|l - (|1.7j) with 
initial data (uo £ ,vo £ ), which can be extended to the maximum time 2^P iax . Note 
that the properties of u stated in Lemma |2 . 1 1 impliv that u is Holder continuous on 
R 3 x [0, T™ ax ) due to the well-known Gagliado-Nirenberg-Sobolev inequality. Since 
| < \uq b \ < §, there is a maximal time T\ £ (0,T £ max ], such that | < |u e | < | on 
R 3 x[0,T £ 1 ). 

It follows from Lemma 12.31 that 

± / (\Au £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx 
at J R 3 

+ [ (a\V 3 u £ \ 2 +a\Vd t u £ \ 2 + \Av £ \ 2 + \d t v £ \ 2 )dx 

JR 3 

<C [ {\Vu £ \ 2 + |v £ | 2 )(|VV| 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx 
Jr 3 

for any t £ (0,T £ ). Using the Gagliado-Nirenberg-Sobolev inequality in the above 
inequality yields 



<C 



^ [ (\Au £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx 
at j M 3 

+ (a|V 3 u £ | 2 +a\Vd t u £ \ 2 + \Av t 

JR 3 

(\Vu £ \ 6 + \v £ \ 6 )dx 

[ (\V 2 u £ \ 6 + \d t u £ \ 6 + \Vv £ \ 6 )d. 
Jr 3 



1/3 r 



\d t v £ \ 2 )dx 



(\V 2 u £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx 

-,1/6 



1/2 
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<c 



f (\Au £ \ 2 + \Vv £ \ 2 )dx 
Jr 3 



-,1/2 



X 


[./ 


f (|VA U£ | 2 








<V 1 
J 


(|VA Ue | 2 + 


+ c 


/ (|A Ue | 2 

yl 3 



(\Au £ \ 2 + \d t u £ \ 2 + \\7v £ \ 2 )dx 

1/2 



1 -'5 



and thus 



(2.17) 



<C 



at J R3 

+ / (?|VV| 2 + ^Nd t u £ \ 2 + \Av £ \ 2 + \d t v £ \ 2 ) dx 

1 3 

(|Au s | 2 + |d t u e | 2 + \Vv e \ 2 )dx 



for any t £ (O,^ 1 ). 
Define 



/(f) = / (\Au £ \ 2 + \d t u £ \ 2 + \\7v £ \ 2 )dx 



It follows from (f2~T7]) that 



3 «e| 2 + ^d t u £ \ 2 + l A ^| 2 + \d t v £ \' 2 ) dxdr. 



fit) < d/(t) 3 , 



which implies 



/(*)< 



1 - 2df(0)H 



1/2 



/(0) < 2/(0) 



for any t < min jig 1 , SCl ^ y2 j- Due to equation (| 1 . T[) . it holds that 

/(0)= / (\Au 0£ \ 2 + \Vv 0£ \ 2 + \Q £ (u 0£ ,v 0£ )\ 2 )dx<C 2 M 2 



f(t) < 2C 2 M 2 , Vt < mii^Z* <7 3 M -4 }, 



and thus 
(2.18) 
where C 3 = 

By Lemma l2~2l one has 

sup (\\(S7u £ ,v £ )\\l 2 +e- 2 \\l - \u £ \ 2 \\ 2 L2 ) < CM 2 . 

0<i<T» ax 

Combining the above inequality with (|2.18[) and using Gagliado-Nirenberg-Sobolev 
inequality, we deduce 

111 - k| 2 |U~( R 3) <C\\1 - \u £ \ 2 \\% 4 (M3) \\S7 2 (l \u £ \ 2 )\\%\ R3) 

<C{eMf/\\\V 2 u £ \\%' + ||V« B ||Ji* S1 ) 



<C( £ Af)V4 ( i + ||v U£ || 3 / 2 
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<C(eM) 1/4 (1 + Af 3/2 ) < d(l + Af 7 / 4 )e 1/4 



for any t < mm{T^, C3M 4 }, and thus 



- < \u e \ < |, on R 3 x [CminlT^CaM- 4 }], 



provided e < Em := 



U§0Wm ■ Note that (l ^ Ta implies min{T £ \ C3A/- 4 } < 
T £ max , otherwise we can extend (u £ , v £ ) beyond T £ max , contradicting to the definition 
of T £ max . Due to this fact and the above inequality, there is another time T 2 with 

min{T^C 3 M- 4 } < T 2 < T £ max , 

such that 

~<KI<~ onl 3 x [0,T 2 ). 
The definition of T £ gives T £ > T £ 2 , and thus 

minfT^CW -4 } < T 2 < T £ , 
which forces T £ > C 3 Af~ 4 . As a result, it follows from (|2.18p that 

f(t) < 2C 2 M 2 , Vt < C3M- 4 , 
which implies the conclusion with C* = C3. □ 
We will use the following version of the Aubin-Lions lemma. 

Lemma 2.4. (Aubin-Lions Lemma, See Simon |24j Corollary 4) Assume that X, B 
and Y are three Banach spaces, with X ' )' > B =-> Y. Then it holds that 

(i) If F is a bounded subset of L p (0,T; X) where 1 < p < 00, and ^ — 

{ at 1-^ ^ ^} * s bounded in L^OjTjy), then F is relatively compact in L p (0,T; B); 

(ii) If F is bounded in L°°(0,T:X) and is bounded in L r (0,T;Y) where 
r > 1, then F is relatively compact in C([0,T]; B) . 

Now we can prove the local existence and uniqueness of strong solutions to the 
Ericksen-Leslie system. 

Proof of the local existence and uniqueness part of Theorem^ For any e > 0, by 
Proposition l2.ll there is a positive number T independent of e, such that the system 
(|1.5p - (|1.7[) with the initial condition (|1.4[) has a unique solution (u E ,v E ), with the 
properties 

u s e i 2 (0,T;# 3 (R 3 )), d t u £ € i 2 (0, T; i? 1 (R 3 )), 
v £ S L 2 (0,T;7J 2 (R 3 )), d t v £ G L 2 (R 3 x (0,T)), 



I < \u £ \ < ^ onR 3 x (0,T) 



and 



sup / ( (1 ]u / ? + |v U£ | 2 + |vV| 2 + \d t u £ \ 2 + M 2 + |v^ E | 2 ) ,/,- 

r (|VV| 2 + \d t u £ \ 2 + \\7 3 u £ \ 2 + \\7d t u £ \ 2 + \\7v £ \ 2 + \V 2 v £ 
\d t v £ \ 2 )dxdt < C. 
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Due to (11. 5[) and (|1.6[) , the pressure p £ satisfies 

7l(vivi+ViU k e W p3 



A Pe = -VMvi +ViU k e W p *(u e ,Vu e )) 



and 

72 „.fc 



Ap £ = - V • ((v £ • V)« e ) - V<[V£tt*%j (u e , Vu £ ) 

+ ViU*(W p k p iJu e ,Vu e )V 2 ja u l e + W ulpk iu E ,\/u e )VjU l e )] 
from which, using elliptic estimates, we obtain 

/ / \p e \ 2 dxdt < C [ [ (K| 4 + \Vu £ \ A )dxdt < C 

JO Jwt 3 JO Jwt 3 

\Vp £ \ 2 dxdt 



and 

rT 

|2 



JM 3 

<C f [ [\v e \ 2 \Vv E \ 2 + \\7 2 u £ \ 2 \Vu e \ 2 + \\7u E \ 2 (\\7 2 u £ \ 2 + \\7u e \ i )]dxdt 
Jo Jm 3 

<[ [ (\v £ \ 6 + \\7u £ \ 6 + \Vv £ \ 3 + \V 2 u £ \ 3 )dxdt <C 
Jo Jm 3 

for some positive constant C independent of e. In the above, we have used the 
Gagliado-Nirenberg-Sobolev inequality and the estimates stated in the previous. 

On account of all the estimates obtained in the above, there is a subsequence, 
still denoted by (u £ , v £ ,p £ ), and such that 

u e L 2 (0,T;H 3 (M. 3 ;S 2 ), d t u e L 2 (0, T; H 1 (M. 3 )), 
(2.19) v e L 2 {0,T;H 2 (R 3 )), d t v € L 2 (R 3 x (0, T)), 

p G L 2 (0,T; H 1 (R 3 )), (u,v) satisfies the initial condition 

and for any R € (0, 00) 

u £ -)• u in L 2 (0, T; H 2 (B R )) n C([0, T]; ^(Br)), 

u £ -v u in L 2 (0,T;H 3 (R 3 )), d t u £ -± d t u in i 2 (0, T; iJ^R 3 )), 

u E -> w in L 2 (0,T;H\B R )) H L 2 ([0,T}; L 2 (B R )), 

v £ ^v in L 2 (0,T;F 2 (K 3 )), <9 t i; £ <9 t u in L 2 (R 3 x (0,T)), 

p £ - pin L 2 (0,T;L 2 (M 3 )), 

where |u| = 1 follows from the estimate that sup < t < T 

/ R3 {1 - W / )2 dx < C, while 
the strong convergence stated above follows from the Aubin-Lions lemma. 
By (fTT7|) , we have 

d t u £ x u £ + (v £ ■ V)u £ x u £ = V a [W Pa (u S) Vu e )] x u £ - W u (u S) Vu e ) x u £ 
(2.20) 

= V a [W Pa (u £ ,Vu £ ) X li e ] - Wp Q (u £ , VU £ ) X V Q U £ - W u (lt e , Vli £ ) X li £ . 

Thus we can take the limit e — > in (|1.5p . (|1.6p and (|2.20[) to conclude 
fyv* + vVv i - Ai/ + V iP = -V j [V i u k W pk (u, Vit)], 
V -v = 

and 

d t u x u + (v ■ V)it x u 
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(2.21) =\7 a [W Pa (u, Vu)] xu- W u (u,Vu) x u. 

Recalling that |u| — 1, one can calculate to get 

— (dfU x u) x u = (u • u)d t u — (dtu ■ u)u = dtu, 

— (^fcVfcii x u) x u = Ufc(w • w)Vfcit — Ufe(VfcU • u)u — (v • V)u, 

-V a [W Pa (u,Vu)} xuxu =(u ■ u)V a [W Pa {u,Vu)} - [V a (W Pa (u,Vu)) ■ u]u 

= V a [W Pcv (u, Vu)] - V Q [(y pQ (u, Vit) ■ u)u] 
+ [V Pa (u, Vu) ■ u] V a u + [W Pa (u, Vu) ■ V Q w]u, 

and 

—W u (u, Vu) xuxu =(u ■ u)W u (u, Vu) - (W u (u, Vu) • u)u 

=W u (u, Vu) - (W„(u, Vu) ■ u)u. 

By the aid of the above identities, we obtain 

d t u+(v ■ V)u = V a [W Pa (u, Vu) - (V Pq (u, - Vu) • u)u] - W u (u,Vu) 

+(W u (u, Vu) • u)u + (W Pa (u, Vu) • V Q u)u + (y pa (u, Vu) ■ u)V Q u, 

which is exactly (jT73j) . 

The uniqueness of strong solutions follows from the regularities stated in (|2. 19|) 
by using the standard argument. The proof is completed. □ 

3. Blow up criteria 

In this section, we establish Serrin type or Beal-Kato-Majda type or mixed type 
(Serrin condition on one field and Beal-Kato-Majda condition on the other one) 
blow up criteria to strong solutions to the Ericksen-Leslie system, in other words, 
which will complete the proof of Theorem [T] on the blow up criteria. 

Strong solutions to the Ericksen-Leslie system satisfy the following basic energy 
balance law. 

Lemma 3.1. Let (u, v) be a strong solution to il.l\) - [T7S\) in M 3 x (0, T). Then we 
have 

( 3 - 1 ) ~T I (^- + W( Ul Vu))dx+ [ (|Vw| 2 + \d t u+ (v ■ \7u)\ 2 dx = 0. 
dt J R 3 \ 2 / J R3 

for any t € (0, T). 

Proof. Equality (|3.1|) follows from by multiplying (|1.1|) by v l and (|1.3|) by dtu 1 + 
uVu*, summing the resulting equations up and integrating over R 3 . Details can be 
found in the proof of Lemma 3.1 in |13j . □ 

The following lemma states high order energy inequalities on the strong solutions 
to the Ericksen-Leslie system, which is one of the key lemmas of this paper. 

Lemma 3.2. Let (u,v) be a strong solution to \ 1. i)) - fO)) in M 3 x (0, T). Then 
^/ (|Vu| 2 + |Au| 2 )da;+ / (| Au| 2 + ^ | V 3 u| 2 )dx 

dt J K 3 J K 3 2 

<Cmin(/ M 2 |(|Vu| 2 + V 2 u| 2 )dx, / |Vu|(| Vu| 2 + V 2 u| 2 )da; 
Ur 3 Jr 3 



18 MIN-CHUN HONG, JINKAI LI AND ZHOUPING XIN 

(3.2) +C [ |Vu| 2 (|V 2 u| 2 + \Vv\ 2 )dx 

Jr 3 

and 

(\S7 3 u\ 2 + \Av\ 2 )dx+ [ (^|V 4 u| 2 + |V 3 W | 2 )^ 
Jr 3 Jr 3 2 

<C f [|Vu| 2 (|Av| 2 + |V 3 u| 2 ) + |V 2 u| 4 + \Vv\ 4 ]dx 
Jr 3 

(3.3) +Cmm\ [ \v\ 2 \V 2 v\ 2 dx, [ |Vv||V 2 w| 2 l 

[Jr 3 Jr 3 J 

for any t £ (0, T). 

Proof. Differentiating (| 1 . 3[) with respect to xp, multiplying the resulting equations 
by — VpAu 1 and integrating over M 3 , we then obtain 



d 
~dt 



f \^-dx = - [ V a0 (W p i(u,Vu))V p Au i dx+ [ V/j[Va(t 
Jr 3 ^ Jr 3 Jr 3 



u u l V v k (u, Vu) 



+ W u i{u,Vu)]V l 3Au i dx - / V,j[AX*(«,Vm) + V a u k W p kW p k (u,Vu)u 

Jr 3 

(3.4) 

+ V pk (u, Vu)u k V a u t ]S7 fs Au i dx+ / V /3 (w ■ Vu l )V pAu l dx. 

Jr 3 

The terms on the right hand side of the above identity can be estimated term by 
term as follows. Estimates on all terms, except the last one, can be found in |13) . 
For reader's convenience, we rewrite them here. Similar to (12.31). there holds 



-/ V Q/ j(Wpi (u, Vu))V /3 Au i dx 
Jr 3 

(3.5) <-{a-r]) ( \V 3 u\ 2 dx + C [ (\Vu\ 2 \V 2 u\ 2 + \Vu\ 6 )dx. 



K 3 

One checks that 

V^fw'aYp^u.Vu)) = V af} (u k u i )V p k(u, Vit) + V Q (u fe u i )V /3 (V p fc (u, Vu)) 

+ Vp{u k U l )V a {V p k a (u, Vu)) + U^VaffiVpk (u, Vti)) 

=V al3 {u k u l )V K (it, Vu) + V^u^VpiVpk (u, Vu)) 

+ Vf}(u k u l )V a (V p k (u, Vu)) + uVV Q (K^ (u, Vu)V /3 u J ') 
+ u k u l V a (V pkaPi (u, Vu))V^ CT it j + " fc w l ^ pi («, Vu) V Q/3ff u J , 

which implies 

/ V Q/3 (u' c u i Vpfe (u, Vu))V /3 Au l dx 

+ C / (|Vu||V 2 u| + \Vu\ 3 )\V 3 u\dx 



<C [ [(|Vu||V 2 u| + |Vu| 3 )|V 3 u| + |u i V j9 Ati i ||V 3 u|]da: 
Jr 3 
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=C [ [(|Vu||V 2 u| + |Vu| 3 )|V 3 w| + \Vp(u l Au l ) - V j8 « i A« < ||V 3 «|]da: 

JR 3 

=C [ [{\\7u\\V 2 u\ + \Vu\ 3 )\V 3 u\ + \V fj {\\7u\ 2 + V p u t Au l \\\7 3 u\]dx 
Jr 3 

(3.6) <r] [ \V 3 u\ 2 dx + C [ (|Vu| 2 |V 2 w| 2 + |Vu| 6 )da;. 

Jr 3 Jr 3 

Here, we have used the fact that Au ■ u = — |Vu| 2 guaranteed by \u\ = 1. One can 
check easily that 

|V^[W„ 4 (m,Vu) - u k «¥ i,(«,V«) 
- V a u k W p ^ (u, Vu)u l - V p L a (u, Vu)u k V a u l ] \ 
<C(|Vii||V 2 u| + |Vu| 3 ). 

Thus 

/ [W ui («, V«) - u k u l W uk (u, Vu) 
Jr 3 

- V a u k W p k (u, Vu)n* - V p k (u, Vu)u k \7 a u i }}\7 pA^dx 

(3.7) <?7 / \V 3 u\ 2 dx + C [ (|Vw| 6 + |Vw| 2 |V 2 w| 2 )(ix. 

Jr 3 Jr 3 

It follows that 

/ Vp(v -Vu^VpAiSdx 
Jr 3 

= / V fj v ■ Vu l \7/3Au l dx + v- WpvVpAifdx 
Jr 3 Jr 3 

= / Vpv ■ Vu l Vf)Au l dx - / (V a v ■ Wf3U l V af} u l + v ■ VV af) u l V af) u l )dx 
Jr 3 Jr 3 

= / (Vpv ■ Vu l V fj Au l - V a v ■ VV fi u l V ' afj u l )dx 
Jr 3 

<c f (\Vv\\Vu\\v 3 u\ + \Vv\\v 2 u\ 2 )dx 

Jr 3 

<r] f \V 3 u\ 2 dx + C [ (|Vw| 2 |Vu| 2 + \\7v\\\7 2 u\ 2 )dx, 
Jr 3 Jr 3 



and 



/ Vf}(v-Vu i )V f) Au i dx= [ (Vpv -\7u l +vV\7pu t )V p Au 1 dx 
Jr 3 Jr 3 

<rj [ \V 3 u\ 2 dx + C ( (|Vv| 2 |Vu| 2 + M 2 |V 2 ii| 2 )dx. 

Jl 3 JR 3 



Hence, it holds that 



/ Vp(v ■ Vu^VpAtfdx <C [ \Vu\ 2 \Vv\ 2 dx + v [ \V 3 u\ 2 dx 
Jr 3 Jr 3 Jr 3 

(3.8) +Cmin(/ \v\ 2 \V 2 u\ 2 dx, f | V«| | V 2 u\ 2 dx\ 

yjv? Jr 3 j 



20 MIN-CHUN HONG, JINKAI LI AND ZHOUPING XIN 



Substituting f|33 ]) - (|3T8]l into (J3I4J) yields 

{ \Au\ 2 dx + a ( \V 3 u\ 2 dx 

<C f |Vu| 2 (|Vu| 4 + |V 2 u| 2 + \Vv\ 2 )d 

JR 3 

(3.9) 



+ Cmini / \v\ 2 \V 2 u\ 2 dx, / \\7v\\\7 2 u\ 2 dx 
I Jr 3 Jr 3 

tiplying (jl.ip by —Av l and integrating the resulting equation over M 3 yie 

/ ^7^ dx + [ \Av\ 2 dx = [ (vVv 1 + V j {S7 l u k W p k(u,\7u))Av l dx. 
Jr 3 2 J M 3 J K 3 i 

ws that 

/ v -VrfArfdx <r] [ \Av\ 2 dx + C [ \v\ 2 \ Vv\ 2 dx, 
Jr. 3 Jr 3 Jr 3 



and 

/ v ■ WAv*dx = - [ (V p v ■ Vv i W v i + v • VV pv'V pv^dx < [ \Vv\ 3 dx. 
Jr 3 Jr 3 Jr 3 

Since |Vj(Vi«*W p »(u, Vu)| < C(|Vu||V 2 w| + |Vw| 3 , it follows that 

/ V j V l u k W pk (u 7 Vu)Av i dx <r] [ \Av\ 2 dx + C [ |Vw| 2 (|Vw| 4 + \V 2 u\ 2 )dx. 
Jr 3 3 Jr 3 Jr 3 

Hence 

— f \Vv\ 2 dx + [ \Av\ 2 dx 

dt JR3 J R 3 

<C Va -'; V// ; • V 2 // 2 )dx • Cram I / \v\ 2 \\7v\ 2 dx, \Vv\ 3 dx 
Jr 3 [Jr 3 Jr 3 

Combining this with (|3.9|) gives 

(\Vv\ 2 + \Au\ 2 )dx+ f (\Av\ 2 + \V 3 u\ 2 )dx 

' Jr 3 

<Cmm\ [ \v\ 2 \(\\7v\ 2 + \7 2 u\ 2 )dx, I |Vw|(|Vu| 2 + \\7 2 u\ 2 )dx 
[Jr 3 Jr 3 

+ C [ |Vw| 2 (|Vw| 4 + |V 2 w| 2 + \Vv\ 2 )dx 

Jr 3 

<Cmin{ / |w| 2 |(|Vu| 2 + \7 2 u\ 2 )dx, / |Vu|(|Vu| 2 + \\7 2 u\ 2 )dx 
[Jr 3 Jr 3 

(3.10) + C [ |Vw| 2 (|V 2 w| 2 + \\7v\ 2 )dx. 

Jr 3 

In the last step of the above inequality, we have used the fact that |Vu| 2 = —Au-u. 

Now we prove (|3.3p . Multiplying (jl.ip by A 2 v l and integrating the resulting 
equation over M 3 yield 

(3.H) 

T" / ^~ dx + I W Z v\ 2 dx= f [Vj(ViU k W p k(u,Vu))-v- Vv l ]A 2 v l dx. 
dt J H 3 2 7 R3 7 R 3 ' 



d 
dt 
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It follows that 

- / v ■ Vv i A 2 v i dx = - / (At; • Vv l + 2Vw • VV + vVAv^AvUx 

JR 3 JR 3 

(3.12) <C f \Vv\\V 2 v\ 2 , 

Jr 3 



and 



-/ v-Vv i A 2 v i dx = (VjV- \7v l + v- WV jV^W j Av i dx 
Jr 3 Jr 3 

(3.13) <rj [ \V 3 v\ 2 dx + C [ (|Vw| 4 + \v\ 2 \V 2 v\ 2 dx. 

Jr 3 Jr 3 



Notice that 



/ \Vv\ 4 dx = - { &iv{\Vv\ 2 Vv)vdx < C [ \v\\\7v\ 2 \V 2 v\dx 
Jr 3 Jr 3 Jr 3 

<I f |Vu| 4 <fo + C / \v\ 2 \V 2 v\ 2 dx, 
2 Jr 3 Jr 3 

which implies 

/ \\7vfdx < C [ \v\ 2 \V 2 v\ 2 dx. 
Jr 3 Jr 3 

This, together with (|3TT2]H|3TT3"]l . shows 
(3.14) 

-/ v ■ VtMVefcc < r] [ \SI 3 v\ 2 dx + Cmin\ I \v\ 2 \V 2 v\ 2 dx, [ |Vu||V 2 u| 2 
Jr 3 Jr 3 {Jr 3 Jr 3 

Note that 

\Vji\y i u k W t »(u,Vu)]\ <C(|Vw||V 3 u| + |Vu| 2 |V 2 u| + |V 2 tt| 2 + |Vw| 4 ) 
<C(|Vw||V 3 u| + |V 2 u| 2 ), 
where we have used |Vu| 2 < |Au|. Then 

/ Vj(ViU k W k(u, Vu))A 2 v i dx 
Jr 3 3 

= - I \7 1 i{\7 l u k W pk (u,Vu))\7iAv t dx 
Jr 3 3 

<C I (|Vtt||V 3 u| + |V 2 tt| 2 )|V 3 w|da; 
Jr 3 

(3.15) <r? / \V 3 v\ 2 dx + C ( (|Vw| 2 |V 3 w| 2 + \V 2 u\ A )dx. 

Jr 3 Jr 3 

It follows that 

/ |V 2 u| 4 dx = - / V. J {\y 2 u\ 2 V tj u)y i udx < [ |VM||V 2 u| 2 |V 3 w|dx 
Jr 3 Jr 3 Jr 3 

<l [ \V 2 u\ 2 dx + C [ |Vu| 2 |V 3 u| 2 dx, 
2 Jr 3 Jr 3 

which, together with (|3.15l) . gives 

/ Vj(ViU k W p k(u, Vu))A 2 v i dx < 7] [ \V 3 v\ 2 dx + C I |Vii| 2 |V 3 u| 2 dir. 
Jr 3 3 Jr 3 Jr 3 
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i- I \Av\ 2 dx + I \V 3 v\ 2 dx 



Substitute the above inequality and Q3.14p into p.llj) to get 
d 
dt 

(3.16) <C [ |Vu| 2 |V 3 u| 2 da; + Cmin{ f \v\ 2 \V 2 v\ 2 dx, [ |Vu||V 2 u| 2 

JR 3 Ur 3 JR 3 

Multiplying fj 1 . 3|) by — A 3 u l and integrating over R 3 lead to 
d r \V 3 u\ 2 dx = _ f Va ( Wp . ( U: Vu))A 3 u l dx+ [ [V^/uT^fii.Vii)) 

"•t Jr3 2 JR3 " Jr3 

+ W u i {u, \7u)]A 3 u l dx - [ [W k (u, Vu)u k u l + W pk (u, Vu)V a u k u l 
Jr 3 

(3.17) +V pk {u,Vu)u k V a u l ]A 3 u i dx+ I vVu l A 3 u l dx. 

Jr 3 

Direct calculations give 

X7^(W K (u,Vu)) = V^{W^ pi (u,Vu)V a u j + W pip3i [u,Vu)V crl u j } 
=^^[W ujpi (u, Vu)V CT u J ] + Vp-y[W pip i {u, Vu)]V al u 3 + Vp[W piaP j (u, Vu)]V 7CT/ u J 

+ V 7 [W pLp , (it, VuJjV^jti' + (it, Vti)Vfi 7d « 3 . 

Due to ^(z,^^ >a|C| 2 and 

\V 0J [W u i pi (u, Vu)V CT u J ] + V,3 7 [W pLp , (u, Vu)]V CT/ u J 

+ v^[w; Lp , (u, Vu)]v 7CT/ u J + v 7 [w^ («, Vu)]v^,u J | 

<C(|Vu||V 3 u| + |Vu| 2 |V 2 u| + |V 2 u| 2 ) < C(|Vu||V 3 u| + |V 2 u| 2 ), 
one can get 

-/ V Q (Wpi (u, Vu))A 3 u i dx = - / V,a 7(T (Wpi (u, Vu))V a p 1 < T u i dx 
Jr 3 ' Jr 3 

<-a [ \V 4 u\ 2 dx + C [ (|Vu||V 3 u| + \V 2 u\ 2 )\V A u\dx 
Jr 3 Jr 3 

(3.18) <-(a-n) [ \V 4 u\ 2 dx + C [ (|Vu| 2 |V 3 u| 2 + \V 2 uf)dx. 

Jr 3 Jr 3 

Next 

\7 a A[u k u l V pi {u,\7u)} = V Q [A(uV)Vp £ (u, Vu) 

+ 2V(u k u i )V{V K (u, Vu)) + u*u i A(^,fc (it, V«)] 
=V Q A(u fe M J )F p fc (it, Vu) + Afi/u'jVa^t (it, Vit)] 

+ 2V a V(u k u i )W(V pka (u, Vu)) + 2V(u fe u l ) V Q V(V p . (u, Vu)) 
+ V Q (uV)A(V p * (u, Vu)) + uVAV a (V^ (u, Vu)). 

Note that 

|V Q A(u' £ u i )^fe (u, Vu) + A(it*u'')V a [V;* (it, Vu)] 

+ 2V a V(it fc <)V(V^ (tt, Vu)) + 2V(uV)V Q V(F p£ (u, Vu)) 

+ V a (uV)A(F p * (u, Vu))| 
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<C[(|Vm||V 2 m| + \V 3 u\)\\7u\ + (|Vii| 2 + \V 2 u\)(\Wu\ 2 + \V 2 u\) 

+ |Vu|(|V 3 u| + \\7u\\V 2 u\ + \Vu\ 3 ) 
<C(\Vu\\V 3 u\ + |Vu| 2 |V 2 u| + |V 2 w| 2 + |Vu| 4 ) 
<C(|Vw||V 3 w| + |V 2 w| 2 ) 

and 

\AV a (V p k{u, V«))| <C(|V 4 u| + \W 3 u\\Vu\ + \W 2 u\ 2 + |V 2 u||Vu| 2 ) 
<C(\V 4 u\ + \W 3 u\\Vu\ + \W 2 u\ 2 ), 

where we have used again |Vu| 2 = — Au ■ u. Hence 

/ V a [u k u l V pk (u,Vu)]A 3 u l dx = / V a A[u k u l V pk (u, Vu)]A 2 u i dx 
Jr 3 ' Jr 3 

<C [ (\Vu\\\7 3 u\ + \\7 2 u\ 2 )\A 2 u\dx+ [ u k u i A 2 u i AV a (V pk {u,\7u))dx. 
Jr 3 Jr 3 

Since 

\u l A 2 u l \ =\A(u l Au l ) - 2Vu l VAu t - \Au l \ 2 \ 

= |A(|Vu| 2 ) + 2WVAu* + |Au J | 2 | < C(\Vu\\V 3 u\ + \V 2 u\ 2 ), 

we arrive at 

/ \7 a [u k u l V pk {u,Vu)]A 3 u l dx<C { [(|Vu||V 3 u| + |V 2 u| 2 )|A 2 w| 
Jr 3 ' ' Jr 3 

+ (|V 4 u| + |V 3 u||Vu| + |V 2 u| 2 )(|Vu||V 3 u| + \V 2 u\ 2 )]dx 

(3.19) < V f \V 4 u\ 2 dx + C [ (|Vu| 2 |V 3 u| 2 + |V 2 u| 4 )da;. 

Jr 3 Jr 3 

One can check that 

|A[W„« (u, Vu) - W uk (u, Vu)uV - Wpk («, Vu) V a u k u l - V pk (u, Vu)u k V a u' 
<C(|Vu||V 3 U | + \Wu\ 2 \W 2 u\ + \V 2 u\ 2 + |Vu| 4 ) < C(\Wu\\V 3 u\ + \V 2 u\ 2 ), 
which implies 

/ [W u i{u,Vu) - W„ fc (u,Vu)uV 
Jr 3 

- W p k (u, Vu)V a u k u l - V p k a (u, Vu)u k V a u i ]A 3 u i dx 

= I A[W u i(u, Vu) - W uk (u, Vu)u k u l 
Jr 3 

- W p k (u, Vu)V a u k u % - V pk (u, Vu)u k V a u i ]A 2 u i dx 

<C f (|Vu||V 3 u| + |V 2 u| 2 )|V 4 u|<*r 
Jr. 3 

(3.20) <r) [ \V 4 u\ 2 dx + C f (|Vu| 2 |V 3 u| 2 + \W 2 u\ 4 )dx. 

Jr 3 Jr 3 

Integrating by parts gives 

/ v ■ Vu l A 3 u l dx = [ (Av ■ Vu 1 + 2Vv ■ V 2 u l + v ■ VAu i )A 2 u i dx 
Jr 3 Jr 3 
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= / [(Av ■ Vu 1 + 2Vv • VV)A 2 
Jr 3 

= I [(Av ■ Vu' + 2Vu • VV)AV - Wjv ■ VAu l VjAu l ]dx 
Jr 3 

= / [(Av ■ Vu 1 + 2Vu • VV)AV + Au'VjV ■ V 3 VAu l ]dx 

<T) I \V A u\ 2 dx + C ( (|Vw| 2 |Av| 2 + \X7v\ 2 \X7 2 u\ 2 )dx 
Jr 3 Jr 3 

(3.21) 

<r] [ \V*u\*dx + C [ (|Vw| 2 |Av| 2 + |V 2 u| 4 + \Vv\ i )dx. 
Jr 3 Jr 3 

Substituting ([3TT5]> -(|33T ]l into f3TT71) yields 

^ f \V 3 u\ 2 dx + a f \V 4 u\ 2 dx 

<C f [|Vw| 2 (|Av| 2 + |V 3 u| 2 ) + |V 2 w| 4 + \Vv\ 4 ]dx, 
Jr 3 

which, combined with (|3.16p . gives 

^ f (\V 3 u\ 2 + \Av\ 2 )dx+ f (a\V 4 u\ 2 + \V 3 v\ 2 )dx 

dt J M 3 J R 3 

<C f [|Vm| 2 (|Aw| 2 + |V 3 u| 2 ) + |V 2 u| 4 + \Vv\ 4 }dx 
Jr 3 

+ Cmm\ [ \v\ 2 \\7 2 v\ 2 dx, [ |Vv||V 2 v| 2 l. 
[Jr 3 Jr 3 J 

This proves ([3"3]) . □ 



We also need the following logarithmic type Sobolev inequality to control L°° 
norm of Vt> in term of its BMO and higher order norms. 

Lemma 3.3. For any f g L x (0, T; BMO(K 3 )) n L x (0, T; i«(R 3 )) and V/ £ L 1 
(0,T;L p (R 3 )) mt/jp g (3,oo) and q g [l,oo), ii /io/ds rtai 



||/(T)||z-dT <C 



[/WWodTh 1+ / || V/(r) || LP dr 



H/IMr + 1 



with C being a positive constant depending only on p and q. 
Proof. Set 

U(x) = r=-r / 

I -Of I JB r (i) 

For any r > 1, we apply Holder's inequality to obtain 

\ 1/9 

\f(y)\ q dy) <C\\f\\ LHm . 



|/r(*)l<S / |/(2/)|d2/<C(4 / 

r 6 J Br {x) \r 6 J Br (x) 
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For any r < 1, there is a unique k <E N, such that 
1 

— r < r < - 

2 fe - 2 



T^ r <o^T> fc<C(l + |lnr|), 



and thus 

k 

\fr(x)\ \hi-^r{x) - fvr(x)\ + \f 2 "r(x)\ 



3 = 1 
k 



^TJT—i I \f(y)-fvr( x )\dy + C\\f\\ Lq(m) 

^ \B 2J -i r \ jB 2j _ lr (x) 

-^2t5 — i / \f(y) - f^r(x)\dy + C\\f\\ Lq(R3) 

~ ; -D2JV JB^Jx) 



j=1 '^r| JB^ r {x) 

<Cfc[/] BMO ( K 3) + C||/|| L g(R3) 

<C(1 + | lnr|)[/] BMO (M3) + C||/||l, (R 3). 

By a variant of the Sobolev embedding theorem (see e.g. page 268 of [7]), the above 
inequalities give 

\f{x)\ <\f(x)-fr{x)\ + \fr(x)\ 

<Cr 1 - 3 /f||V/|| LP(K 3 ) +C(l + |lnr|)[/] BMO(R 3 ) +C||/|| i5(R 3 ) 
for any r < 1. Integrating the above inequality over (s,t) yields 

f Wfh-dr KCr 1 - 3 /? f ||V/||^ {R 3)dT + C(l + | hxr\) f [f] BM o{9?)dr 

OS */ S «/ S 



||/IU«(K 3 )dr 
( t \ ~p/(p~ 3 ) 

for any r < 1. Taking r = I 1 + J g ||V/||x,p(R3)<ir J in the above inequality 

proves the lemma. □ 

Now we finish the proof of the blow up criteria in Theorem [T] 

Proof of the blow up criteria in Theorem [7J Let T* be the maximum existence time 
for the strong solution (u,v) to the system (|l.l|) - (|1.3|l . Suppose, by contradiction, 
that the conclusion fails. Then both the following two hold true 

• \\Au\\ L no,T*;L°°{&a)) < oo or || Vit[[i«i (o,r* ; in (rs)) < oo for some q x E 
[2,oo),n e (3,oo) with |- + £ = 1; 

• \\^\\l 1 (o,t-,bmo(r 3 )) <ooor||u|| i 9(o ) T. ;i r (R 3)) < oo for some q 2 £ [2,oo),r 2 £ 



By the Sobolev embedding inequality and the Holder inequality, there holds 



(3,oo) with — + ^- = 1. 

V J / q 2 ' r 2 



2r-6 6 



(3.22) / \w\ 2 \f\ 2 dx < \\w\\l4fWJ~\\f\\b < vlWWh + cMUfh* 



for any r 6 (3, oo], q 6 [2, oo) with | + 1 = 1. Note that [Vv] BM o(m) < Mbmo(R3) 
by elliptic estimates. By the aid of this inequality, (|3.22j) . and |Vu| 2 < \Au\, one 
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can get from Lemma 13.21 and Lemma 13.31 that 



< 



[ (|V,| 2 - 
Jr 3 


h \Au\ 2 )dx 


I (|v«| 2 - 

Jr 3 


- \Au\ 2 )dx 



xexpjcminj^ || Vuf^dr, \\ Au\\ L ^dr^ j 
<Cexp|cmin|^ \\v\\ q £ r2 dr, J [Vv) BM odT In (l + J ||V 8 «|U»dT 



l|Vu||ia( R 3)dr 



(\Vv\ 2 + \Au\ 2 )dx 



(s) 



<Cexp|cmm|^ Hwll^dr, J [u] B ModT In (l + ||V 3 t>|| L 2dr 



(3.23) x 



(\Vv\ 2 + \Au\ 2 )dx 

for any < s < t < T* . 

If v G L*»(^,T*;J 
the above inequality shows that 

(\Vv\ 2 + \Au\ 2 )dx 



If v G L q2 (^-,T*; L r2 ) for some q 2 G [2,oo),r 2 G (3, oo] with A + A = l j then 



<C 



/ (|Vv| 2 + |Au| 2 )dx 



(*) + 



{\Av\ 2 + a\V 3 u\ 2 )dxdr 



for any ^- < s < t < T*. In particular, it holds that 



sup 

-<i<T* 



{\Vv\ 2 + \Au\ 2 )dx 



(*) 



[ [ {\Av\ 2 + a\V 3 u\ 2 )dxdt < oo. 

J 3^. J]R3 



Consequently, one can apply the local existence to extend the strong solution (u, v) 
beyond T* , which contradicts to the definition of T* . 

If u) G L 1 (^,T*;BMO), then it follows from (|3~2"3) that 



(|Vv| 2 + |Au| 2 )da; 



(*) + 



/ / {\Av\ 2 +a\V 3 u\ 2 )dxdT 

Js Js. 3 



<Cexp<^ / [ui] B ModTln 1 



||V 3 W || L 2dr 



(\Vv\ 2 + \Au\ 2 )dx 



(s) 



for any < s < t < T* . For any S > 0, we can choose s G (^-,T*) such that 
/sHbmo^ < 8 for any s < t < T* , and thus 



R3 



(|Vw| 2 + |Au| 2 )dx 



<C 



(*) 
cs 



f f (\Av\ 2 + a\V 3 u\ 2 )dxdr 
Js Jr 3 



1+ (J \\V 3 v\\Lzdr\ J (\Vv\ 2 + \Au\ 2 )da 



(s) 



(3.24) 



<C 
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1+ (J \\V 3 v\\hdT^j J {\\7v\ 2 + \Au\ 2 )dx 



is) 



for any s <t<T*. Due to d5^2D and |Vu| 2 < |Au|, it follows from Lemma 
and Lemma 13.31 that 

|2 



(|V J < + |A«r)da: 



(*) 



, 3a , 



|V 4 n| 2 + \V 3 v\ 2 )dxdr 

3 2 



<exp|cmin|^ \\v\\%,dT, J ||V«|| L oodr|| 
xexpjcminj^ || Vu\\f ri dr, ||Au|| L =odT 



(\^u\ 2 + \Av\ 2 )dx )(s)+ / / (|Vw| 4 + \V 2 u\ 4 )dxdr 



<Cexp|c^ ||Vv|| L oodr| (J (|V 3 w| 2 + |Au| 2 )da^ (s) 
+ f I (|Vw| 4 + \V 2 u\ 4 )dxdT 

Js JK3 

<Cexp|c^ [w] drlnfl + J^ ||V 3 w|| L 2dr^| 

(/ (|V 3 u| 2 + |A«| 2 )dx) (s) + / / (|Vu| 4 + \V 2 u\ 4 )dxdr 

\JS.3 J Js J~R 3 



<C 1 



■J \\V 3 v\\LidT 



CS r 



(|V 3 u| 2 + \Av\ 2 )dx) (s) 



<C 1 



{\Vv\ 4 + \V 2 u\ 4 )dxdT 

CS r 



■J \\V 3 v\\l*dT 



(|V 3 u| 2 + \Av\ 2 )dx) (s) 



(3.25) 
Set 



+ / / (|V«| 4 + |V 2 u| 4 )dzaV 



/(<)= sup / dV'ur + |A«r)da; + / / (|V*up + |Vt;r)da:dr. 

s<r<t , 



By (|3~2^|) and (|X25l) . it holds 

(3.26) sup / (\Au\ 2 + \Vv\ 2 )dx <C{1 + f cs {t)) 

s<r<t JR3 



{\Au\ 2 + \Vv\ 2 )dx 



(*), 



(3.27) /(t) < C(l + / ca (t)) 



/(»)+ / / (\Vv\ A + \V 2 u\ A )dxdr 



By the Gagliado-Nirenberg-Sobolev inequality, it follows from the above two in- 
equalities that 

/ f \SJv\ 4 dxdr<C f \\Vv\\ L 2\\\7 2 v\\ 3 L2 dT 

Js JR3 Js 
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<C [\\Vv\\ L 4Vv\\% 2 \\V 3 v\\% 2 dr 

J S 



<c 
<c 



\V 3 v\\ 2 r2 dT 



\V*v\\i>dr 



3/4 



\Vv(t) 



1/4 



3/4 



( SUP ||V«||1: 

S<T<t 



\5/4 



<C(1 + f /4+C5 {t)) 



(\Au\ 2 + \Vv\ 2 )dx 



and similarly 



\V 2 u\ 4 dxdT < C(l + f 3/4+cs (t)) 



\Au\ 



\Vv\ 2 )dx 



(s). 



Combining the above two inequalities with (I3.27[) yields 



f(s)+( / (\Au\ 2 + \Vv\ 2 )dx)(s) 



f{t)<C{l + f' i+c5 {t)) 



for any s < t < T* . This, together with (|3.24|) . gives 

sup / {\\7v\ 2 + \Au\ 2 )dx+ [ (\Av\ 2 + \\7 3 u\ 2 )dx < oo. 

s<t<T* JR3 J s 

As a consequence, one can apply Theorem[T]to extend (u, v) to be a strong solution 
beyond T* , which contradicts to the definition of T* again. 

Now we prove the equivalency of the quantities Ji, i = 1,2,3,4. Suppose that 
Ji(T) is finite, then the statements proved in the above implies that T is not the 
maximal existence time; as a result, (u, v) can be extended to be a strong solution 
beyond T, and thus 

u G L 2 (0,T;H 3 (R 3 ))nL°°{0,T;H^(R 3 )), 
v e L 2 (0,T;H 2 (R 3 )) n L°°(0,T; H\R 3 )). 
Due to these facts, by Lemma \3. 21 one can easily prove that 



u G L 2 {\ ,T;iJ b 4 (R 3 )), v e L 2 {\ ,T;H 3 (R 3 )). 

Thus, one can check easily that J2(T), Js{T) and JiiT) are all finite. Other cases 
can be proved in the same way. The proof of Theorem 1 is complete. □ 

Finally, it should be noted that Theorem 1 has an equivalent version: 

Theorem 3. Let (u ,v ) G H 2 (R 3 ;S 2 ) x if^K^K 3 ) be given initial data with 
div vq = 0. Then, there exists a unique strong solution (u, v) : R 3 x [0, T*) — > S 2 xR 3 
°f fmP - fH^) with initial values fi.^p . Moreover, the maximal time T* can be 
characterized by the condition that there are two constants £o > and Rq > such 
that at a singular point Xi, 



\Vu{-,t)\ 3 + \v(-,t)\ 3 dx>e 



lim sup 

t/*T« JB R ( Xi ) 

for any R > with R < Rq. 
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To see this, we note that in the proof of Lemma 3.1, we have proved that 
d 



dt 
<C 



[ (\V 3 u\ 2 + \Av\ 2 )dx+ [ (a\V A u\ 2 + \V 3 v\ 2 )dx 
Jr 3 Jr 3 

}Vu\ 2 + \v\ 2 )(\Av\ 2 + \V 3 u\ 2 )dx. 
Jr 3 

By a standard covering argument of R 3 , one can obtain 

(|Vw| 2 + \v\ 2 )(\Av\ 2 + \V 3 u\ 2 )dx 



^E 

i - 


/ (|v«| 2 + 


\v\ 2 )(\Av\ 2 


+ \V 3 u\ 2 )dx 










2/3 




1/3 


<^E 

i 


[ (|Vw| 3 


f M 3 ) 




[ (\Av\ 6 + \\7 3 u\ 6 )dx 

JB Ro (x t ) 





< Cs 



T I (iv 4 .i 2 

Jr 3 



\V 3 v\ 2 + -^(\V 3 u\ 2 + \Av\ 2 )dx. 



We now can prove Theorem [3] by similar arguments as before, details are ommitted. 

4. Convergence of Ginzburg-Landau to Ericksen-Leslie 

In this section, we prove that the strong solutions to the Ginzburg-Landau ap- 
proximate system converge to the strong solution of the Ericksen-Leslie system and 
give a new blow up criterion of the strong solutions to the Ericksen-Leslie sys- 
tem in term of Serrin type norms of the strong solutions to the Ginzburg-Landau 
approximate system. 

The following lemma is a characterization of precompact subset of L p (R Ar ). 

Lemma 4.1. (see Adams and Fournier [1] Theorem 2.32) Let 1 < p < oo. A 
bounded subset K C L P (R N ) is precompact in L P (R N ) if and only if for every 
number e > there exists a number S > and a compact subset G such that for 
every u £ K and h £ M. N with \h\ < 5 both of the following inequalities hold: 



\u(x + h) ~u(x)\ p dx < e p , 



R N \G 



\u(x)\ p dx < e p . 



We need the following local type energy inequality. 

Lemma 4.2. Let (u £ ,v e ) be a strong solution to the system A1.5]) - (T77\ l ir 

(0,T), satisfying | < 



< | on 



x (0,T). Then for any ip € C°°(R 3 ) n 



W 1 



there holds 
d 



dt 



<C 



(1 



\2\2 



2e 2 



2W{u e ,Vu £ ) 



ip dx 



+- \dtu e + v E Vu e \ 2 )(p 2 dx 

|Vu e | 2 + \ Pe \ + \vv e \ + ivVDi^H^iv^i 



+ {\v e \ 2 + \Vu e \ 2 )\V<p\ 2 ]dx 
for any t € (0,T) 7 where C is an absolute constant. 
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Proof. Multiplying (|1.4|) by v l £ ip 2 and integrating over R 3 yield 

2 



d_ 

dt 



f ^-ip 2 dx+ f \Vv e \ 2 cp 2 dx 

JR 3 2 J R 3 



Pe divK<^ 2 ) - -vm 2 v</? 2 



dx 

(4.1) + / W p k{u e ,Vu e )Vu*V ' 3 {v e <p 2 )dx. 

JR 3 3 

Multiplying (jl.6p by {d t u\ + v e Vu\)(p 2 and integrating over R 3 , one can get 

(d t ul + v £ ■ \7u l £ ) 2 ip 2 dx 



(4.2) 



V a (W p i (« £ ,Vu £ )-^,(« £j Vii E ) + 



i-kl 1 



(9 t u* + w e ■ Vu £ )ip 2 dx. 



It follows from integrating by parts that 

/ [V a (W p i (u s , Vue)) - W u i(u e , Vu E )]d t <^ 2 cfe 

= - / [W^ (u^VMe^^^ + W^^^VMe)^]^ 2 ^ 
JR 3 

- / W p i (u £ ,Vu £ )d t u l £ V ' a p 2 dx 
Jr 3 

= - [d t W(u £ , Vu £ )tp 2 + W pi (u £ , Vu £ )d t u l £ V a <p 2 ]dx 
Jr 3 

= -i f W(u £ ,\7u £ )(p 2 dx- [ W p > (u £ ,X7u £ )d t ulV a (p 2 dx 

dt J ffi 3 J R 3 



and 



/ \y a {W p i (u e , V«e)) - W u i(u e , Vw £ )]uV<^ 2 da; 

JR 3 

= - / [W p4 (u £ , Vu £ )v\JSJ a u £ + W u i (u e , Vu £ )vVu £ }(p 2 dx 

-/ W p i {u £ ,Vu £ )Vu £ V a {v £ tp 2 )dx 
Jr 3 

- - / [vVW(u £ , Vu £ )ip 2 + Wpt (u £ , Vit e )V<V ' a (v £ ip 2 )]dx 
Jr 3 

[W(u £ ,\7u £ )dW(v £ (p 2 ) - W K (u £ ,\7u £ )\7u £ V a {v £ p 2 )]dx. 



Moreover, direct calculations give 
1 - \% ' 2 



-ul(d t ul + v £ ■ Vu l £ )ip 2 dx 



m 3 



(d t + v e ■ V) 



(i-M 2 ) ; 

Ae 2 



ip dx 



d 
dt 



2 \2 



(i-K I 2 ) 

4e 2 



■ip 2 dx 



2\2 



(i-k l 2 ) 

4e 2 



-div(w e (^ 2 )fia;. 
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Substituting the above three equalities into (|4.2p gives 



d_ 

dt 



2\2 



4e 2 
4e 2 



W(u £ ,Vu £ 



if dx + \dtu E + v £ ■ Vu £ | tp dx 



+ W{u £ , Vu £ ) div(u £ <^) - W p i (u e , Vu £ )^<V a v 



dx 



(4.3) 



Wp« (w £ , Vu £ )Vv? £ V a (v £ tp 2 )dx. 



Combining (|4. 1[) with (|4.3p . we obtain 



\Ve\ 2 , (1-KI 2 ) 



2\2 



^(« £ ,Vu E ) 



2 4e 2 
+ / (|Vv £ | 2 + |<9 t u e + u £ ■ Vu £ | 2 )^ 2 dx 

JM. 3 

^l 2 , „ , (i-KI 2 ) 2 



ip 2 dx 



4e 2 



+ W(u £ ,Vu £ ) div(v £ <p 2 ) 



V|v e | 2 V^ - W K (u e , Vu £ )9 t <V a ^ 



<7? / \d t u £ + v £ -Vu £ \ 2 (p 2 dx + C [{\v £ \ 2 + \\7i 
Js. 3 Jr 3 



+ C 



\p £ \ + \Vv E \)\v E \\ip\\V<p\ + \Vu e \ 2 \Vip\ 2 ]dx 
(l-\u £ \ 2 ) 2 



\v s \\if)\\Vip\dx. 



This, together with the facts that | < \u s \ < | and 

i-kl 2 



< C(|a t u e + v £ ■ Vu e | + | Wl + |Vu e n, 



gives 



M 2 , (i-\u £ \ 2 ) 2 



4e 2 



+ W(us, Vm £ ) 



ip 2 dx 



J ^ (\Vv £ \ 2 + ^|<9 t w £ + u £ • Vu £ | 2 ^ t^efe 



<C 



|Vm £ | 2 + \p £ \ + \Vv e \)\v e \\<p\\V<p\ + |V M£ | 2 |V(^| 2 ]& 



C / (\d t u £ + v £ Vu £ \ + |V 2 u £ | + \\7u £ \ 2 )\v £ \\ip\\\7(p\dx 
Jr 3 



<r) \d t u £ + v £ Vu £ \ 2 ip 2 dx + C 
Jr 3 Jr= 

+ \p £ \ + \Vv s \ + \V 2 u £ \)\v £ \\<p\\V(p\ 



[(\v £ \ 2 + \Vu £ 



+ Vu £ | 2 )|V^| 2 ]cte, 



which implies the conclusion. This completes a proof. 



□ 



The following lemma will be used in the proof of strong convergence and uniform 
estimates. 
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Lemma 4.3. Let (u e ,v e ) and (u,v) be strong solutions to the systems 1 1.5\ )- [T77\ ) 
and \l.l]) - nT3\) in K 3 x (0, T) with the same initial data (uq,vo), respectively. Sup- 
pose that 

(V« £ ,!i £ )^(V«,u) in L 2 {0,T;H 1 (R 3 )) 

and 

lim sup \\(Vu e ,v £ )\\ H i(m) < oo- 

£ - >u 0<t<T 

Let K > be a constant such that 

sup ||(Vu,»)|& 1(RS) + [ T (\\V 2 u\\i+\\Vv\\l)dt<K. 

0<t<T Jo 

Then there are two positive constants eo and Sq, with Sq depending only on the 
initial data (uq,vq) and K, such that 



sup sup 

0<£<e 0<t<T 



(ll(Vu e ,We)llffi(R3) + 113*^11x2(113)) < So- 



Proof. Set Mi = || Vtto||jji(K 3 ) + Ikollff^R 3 )- Using Lemma T2.3I and the Gagliado- 
Nirenberg-Sobolev inequality, we have 

f t (\\Au s f 2 + \\d t u e g + \\Vv e \\ 2 2 ) 

+ a(\\V 3 u e \\l + \\Vd t u e \\ 2 ) + (\\Av e \\ 2 + \\dtV E \\l) 

<C [ (|Vu £ | 2 + |u e | 2 )(|VV| 2 + \8 t u e \ 2 + \Vv E \ 2 )dx 

<C(||VV|| 2 + \\Vv e \\ 2 )(\\V 3 u E \\ 2 + ||Vft« e || a + \\V 2 v E \\ 2 ) 

x (||A We || 2 + j|9 t u E || 2 + ||Vu E || 2 ) 
<v(\\V 3 u e \\ 2 + HVcWH 2 + ||V 2 « £ || 2 ) + C(||VV||2 + l|V« e |||) 

x(||A M£ || 2 + ||^ £ || 2 + ||V We || 2 ). 



Thus 



d : (\\Au s \\ 2 + \\d t u £ \\ 2 + \\Vv £ \\ 2 ) 



dt 

(4.4) <C(||V 2 « e ||| + \\Vv e \\l)(\\Au e \\ 2 + \\d t u e \\ 2 + \\Vv e \\ 2 ). 

Using equation (|1.7[) and |it | = 1, one has 

\\d t u £ (0)\\ 2 2 < C(\\V 2 u \\ 2 + ||V«o||i + IKIlt) < C(Mt + 1). 

Due to the assumptions in the lemma, there is a constant Sq, such that for any 
e G (0, £o]j it holds that 

rCIVVllt + \\Vv e \\i)dt 

Jo 

<8 / T (||V 2 U || 2 +||Vi;||^ + 8 [ T Q\V 2 ( UE -u)\\j+\\V(v E -v)\\i)dt 



<8K + C sup (||(W,V« e )|| 2 + ||(V 2 U ,Vi;)|| 2 ) 

0<t<T 

x [ T (\\V 2 (u e -u)\\ 2 2 + \\\7(v e -v)\\ 2 2 )dt 
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<8K + C(K + 2 m \\(Vu £7 v £ )\\ 2 H1{R3) ) J (\\V 2 (u £ -u)f 2 + \\V(v e - v)\\ 2 )dt 
<8K+l. 

It follows from these two inequalities and (14.4)) that 
sup (\\Au £ \\ 2 2 + \\d t u £ \\l + \\Vv £ \\ 2 2 ) 

0<t<T 

< e c/-(||vV||^+||v^l^ ( || Awo ||2 + 11^(0)11= + llWolll) 
(4.5) <C(M? + l)e CK+c := M 2 

for any e G (0, £o]- By Lemma r2.2[ 

sup \\v e \\ 2 2 +\\Vu E \\ 2 2 <CMl 

0<t<T 

Combining this with (|4.5I) . we have 



sup sup [UVu £ ,v £ )\\ 2 Hlm + \\d t u £ \\l 2{R3) ) <C(Mf + Mi):=S Q . 

0<£<e 0<t<T V ' J 

This completes the proof. □ 

The following lemma will be used to prove the new blow up criterion. 

Lemma 4.4. Let (u s ,v s ) be a strong solution in R 3 x (0,T e ) to the system hl.5\) 
jj.7| ) with \1-J$ - Suppose that 

||(Vw e ,u e )||i,«(o,r s ;L'-(R»)) < L 
for some positive constant L and - + ^ = 1 with q G [2, oo) and r G (3, oo]. Then 
there is a constant N depending only on L and the initial data such that 

sup 11^,011^+ / ' (\\(V 3 u £l V 2 v £ )\\ 2 L2 + \\(Vd t u £ ,d t v £ )\\ 2 L2 )dt <N 

0<t<T e Jo 

for small e. 

Proof. Let T} G (0, T £ ] be the maximal time such that | < \u £ \ < | on M 3 x [0, T*). 
By Lemma l2~3l 

-| / {\Au £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx 
at j R 3 

+ [ (a\\7 3 u £ \ 2 +a\Vd t u £ \ 2 + \Av £ \ 2 + \8 t v £ \ 2 )dx 
<C [ (\Vu £ \ 2 + \v £ \ 2 )(\\7 2 u £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx 



for any t G (0, ). By the Sobolev embedding inequality and the Holder inequality, 
it holds that 



M 2 |/l 2 ^ < lklll.il/liyil/llfa < u||v/||i a + c|MIU/lll- 

Combining the above two inequalities shows that 

-| / {\Au £ \ 2 + \d t u £ \ 2 + \Vv £ \ 2 )dx 
at J m 3 

+ \ [ (a|VV| 2 + a\Vd t u £ \ 2 + \Av £ \ 2 + \d t v £ \ 2 ) dx 

2 JR3 
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<C||(VMe,W £ )|| L , (0iTe;L . ( R3 )) (||V 2 U £ ||^2 (R3) + ||<9tU E |||2(K3) + l|Vu e ||i a(H 3)). 

Equation (|1.7p implies that 

\\dtUe(0)\\ 2 L 2 m < C(||V a «o||i a(R s) + ||«o|li4 (R3) + ||Vuo||t 4(R »)) < C. 
It follows from above two inequalities that 

sup (||V 2 u £ ||^2 (R3) + ||5 t U E ]]| 2(R3) + || Vw £ f L 2 (m ) 

0<*<T e i 
I* 

(l|V 3 Ue||i 3 ( R 3) + ||Va tUe || 2 2(R3) + ||V 2 t; e ||| 2(R3) + \\d t v € \\ 2 L2{m )dt 

(4.6) <Ceio Tel (ll v ^ll^+I^IH-)*<C'e L9 . 
Apply Lemma \2. 2 1 to obtain 

sup {\\(Vu e ,Vv e )\\ 2 L2(R3) +s- 2 \\l-\u s \ 2 \\l 2m ) < C\\(Vu ,v a )\\l 2{R3) , 

0<t<T} 

which, together with (|4.6p . gives 

rT 1 

72„. „. M|2 



sup ||(VV,v e )||^i+ / (\\(^u £ ,Vd t u £ )\\i 2 + \\(V z v e ,d t v e )\\i 2 )dt<N 

0<t<T e ! JO 

for some constant iV depending only on L and the initial data. By the aid of the 
above two inequalities, one can use a similar argument as in the proof of 12.11 to 
conclude by using the Gagliado-Nirenberg-Sobolev inequality that 

l<\u £ \< 9 - onR*x[0X) 

for small e. Recalling the definition of T £ , the above inequality implies T £ = T e , 
and thus the conclusion holds true. □ 

Now, let us give the proof of Theorem [2] 

Proof of Theorem [H We first prove the strong convergence and the uniform esti- 
mates, which are given in three steps as follows. 
Given arbitrary T E (0,T*), set 

K= sup \\{Vu,v)\\ 2 mm + { T {\\V 2 uf 2 +\\Vv\\i)dt. 

0<t<T Jo 



Let So be the constant stated in Lemma 14.31 and put 

M = ||(Vu ,vo)|Ihi(r 3 ) + S a- 
Step 1. In this step, we prove that the strong convergence and estimate hold 
true up to a time Tm- By Proposition 12.11 and Lemma \2. 21 (u e ,v £ ) can be defined 
on M 3 x [0,T M ] such that | < |u e | < | on R 3 x [0,T M ] and 

/•T M 

(4.7) sup ||(Vu 6 ,» 6 )||| rl + / \\(\7 3 u £ ,\7 2 v £ ,d t Vu £ ,d t v £ )\\ 2 L2 dt <C(M) 

0<t<T M Jq 

for small e. 

Using the same argument as the proof of Theorem [TJ we can prove that 

(4.8) u £ ^u in L 2 (0,T M ;H 2 (B R (0))), 

(4.9) v £ ^v in L 2 (0, T M ; H 1 (B R (0))) 
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for any R £ (0, oo). In fact, to prove these convergence, by the aid of the uniqueness 
of the strong solutions to system (|l.lj) - (|1.3j) . it suffices to show that any sequence 
{(u ei , v £i has convergent subsequence. While such sequentially convergence 
has already been justified in the proof of Theorem [T] 
The aim is to show that 

(4.10) Vu £ ^ Vu and v £ -» v in L 2 (0, T M ; H l (R 3 )). 

By the aid of (|4.7p - (|4.9p . using Lemma [4.11 and the Gagliado-Nirenberg-Sobolev 
inequality, one needs to show that for any r\ > 0, there is R > 0, such that 

/•Tm p 

(4.11) / / (\Vu e \ 2 + \v e \ 2 )dxdt<T}. 



Take function Lp £ C°°(R) n W 1,00 (R), such that ip = on (-oo, 1), <p = 1 on 

M 

R 

_ .-i. T; :; IT, 



(2, oo) and \tp'\ < 2 on R. For R > 1, set <pr{x) = V'oCjj)) then <Pr(x) e on 
-Bfl(O), Vjj = 1 on M 3 \ B 2fl (0) and \Vip R \ < -| on R 3 . For 93 = <^ fl in Lemma B~2l 
it holds that 

0<t<T M Jm 3 \B 2R (o) 



< 



sup / (|v e | 2 + \Vu £ \ 2 )dx 

:t<T M Jr 3 \b 2R (o) 

(|«o| 2 + |V Uo | 2 )^ + ^ / / (|« £ | 4 + |V Ue | 4 

3 \B H (0) U JO Jm 3 

+ \p £ \ 2 + \\7v £ \ 2 + |VV| 2 + \v £ \ 2 + \Vu £ \ 2 )dxdt. 

Applying elliptic estimates for the Stokes equations, it follows from equation ()1 .5[) 
that 

/ / \p £ \ 2 dxdt<C / (\v £ \ i + \Vu £ \ A )dxdt. 

JO Jl 3 JO JR 3 

Combining the above two inequalities, using the Gagliado-Nirenber-Sobolev in- 
equality and the absolute continuity of integrals, one obtains from (|4.7|) that 



sup / (\v £ \ 2 + \Vu £ \ 2 )dx 

0<t<T M JR 3 \B 2R (0) 



c 



Tm 



< (\v a \ 2 + \S7u Q \ 2 )dx + - / (\\v £ \\ 4 H1 + HVuell^p + l)dt 

Jr 3 \b r (o) Jo 

<l + ^T M C(M)<r, 

for large R, which shows (|4.11[) and thus (|4.10[) . 
Next we prove 

(4.12) (Vu e> « e ) -»• (Vu,«) ini°°(0,T M ;L 2 (R 3 )). 

Due to 114.70 , it suffices to show that each sequence (u £i , v £i ) has an convergent 
subsequence in L°°(0, T; L 2 (R 3 )). Let (u Ei ,v £i ) be a sequence. By 1)4. 7p . there is a 
subsequence, still denoted by (u £i ,v £i ), such that 

(4.13) lim \\(Vu e (;t)-Vu(;t),v e (;t)-v(;t)\\ mm =0, for a.e. te[0,T M ]- 
By (|477|) . it holds that 



||Vu e (-,t) - VU e (-,s)||i3(R3) 



d t Vu £ (T)dT 
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<[ \\d t Vu e (T)\\ L2(m) dT < {t-s) 1 ' 2 f \\d t Vu e (T)\\ 2 L2(m) dr 

J S J S 

<C(M)(t- s) 1/2 , 
and similarly 

\\ Ve (;t) - V e (; s)\\ L2m < C(M)(t - S) 1 ' 2 . 

By the aid of the two inequalities above and (|4. 13[) . one can prove easily (|4.12l) by 
a density argument. This completes the proof of Step 1. 

Step 2. In this step, we prove that if the strong convergence and uniform 
estimate hold true up to time Ti with Ti < T, then they hold true up to time 
T 2 := rom{T,Tx+T M }. Suppose that | < \u e \ < § on R 3 x [0,Ti], 

sup \\{Vu e> v e )\\ 2 H1 + [ 1 \\(V 3 u e ,V 2 v e , d t Vu e ,d t v e )\\ 2 L2 dt < C{M) 

0<t<Ti Jo 

and 

{Vu £ ,v £ ) -> (Vu,v) inT oo (0,Ti;T 2 (R 3 ))nT 2 (0,Ti;/f 1 (M 3 )) 

for some T\ < T. Due to the above two inequality, we apply Lemma l4.3l to conclude 
that 

sup (\\{Vu e ,v e )\\ 2 H1 , R3) + \\dtu e \\ 2 L2{R3) ) <S Q , 

0<t<T! v ' 

which, using equation (|1.7I) . gives 

sup (\\(Vu e ,v £ )\\ 2 H1{R3) + \\Q £ {u e ,v £ )\\ 2 L2{R3) ) < So < M 

0<t<Ti v ' 

for small e. Recall that | < \u £ \ < | on I 3 x [0,Ti], starting from time T\ and 
taking (u e (Ti), v £ (T\)) as the initial data, we can apply Proposition 12.11 again to 
extend (u £ , v £ ) to time t 2 := min{Ti+TA/, T}, such that | < |u e | < | on R 3 x [0, T 2 ] 
and 

sup 11^,^)11^+ f * \\(V 3 u £: \7 2 v £ ,d t \7u £ ,d t v £ )\\ 2 L2 dt <C(M) 

0<t<T 2 Jo 

for small e. Using the same argument as Step 1, we can prove the strong convergence 
up to time T2, that is 

Vii £ ^Vu and v £ ^v in i 2 (0, T 2 ; iJ^R 3 )) n T°°(0, T 2 ; T 2 (R 3 )). 

This completes the proof of Step 2. 

Step 3. Combining Step 1 and Step 2, one can easily prove that the strong 
convergence and uniform estimate hold true for any time T < T*. 

Now, we turn to the proof of the characterization of the maximal existence time. 
Suppose that T* < 00 is the maximal existence time of the strong solution (u, v) 
to the system (fTTT]) - (fl~^)) . We prove that 

(4.14) hm \\{Vu £ ,v £ )\\ Lq(0tT ,. L r- {R3}} =00 

for any (g, r) £ O. Suppose, by contradiction, that the above is not true. Then 
there is some (q, r) S O and a sequence &j — > 0, such that 

||(V'U ei! U ei )||z,9(o,T»;L'-(K3)) < L 
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for a positive number L. By Lemma l4.4| there is a positive constant N depending 
only on L and the initial data, such that 

72.. .. M|2 , / (\\Cn3„. V7fl.. M|2 , II/V72., fl ... M|2 



Sup ||(V^ £i) « e( )||^+ / (IKVV.VftUeOHia + IKVX.ft^JII^)^^^- 
0<t<T* Jo 

Due to this estimates, using the same argument to the proof of Theorem Q] in Section 
[2j a subsequence of (u £i ,v Si ) converges to (u, v) and 

sup \\(V 2 u,v)\\ 2 Hl + / (||(V 3 U ,V9 tU )|| 2 L2 + ||(V 2 «,9 t i;)|| 2 L2 )dt <N. 

0<t<T* Jo 

As a result, by Theorem [1] we can extend the strong solution (u, v) beyond T*, 
contradicting to the definition of T*. This contradiction implies that (|4.14j) holds 
true. 

Now we prove that (|4.14jl implies that T* is the maximal existence time. Sup- 
pose, by contradiction, that T* is not the maximal existence time. By what we 
proved in the strong convergence and uniform estimates, we have 

1™ w £)llL~(0,T*;i/ 1 (R3))nW 2 2 ' 1 (R3x[0,T*]) - M > 

for a positive constant M. It follows from the Gagliado-Nirenberg-Sobolev inequal- 
ity and the above inequality that 

||(Vu £ ,U £ )|| Lg( o,T*;L-(B3)) = (j^ ||(Vu e) « e )||£ r(a3 )^ 

<c( [ T ||(Vu £ ,v £ )||« ^ <C sup \\(Vu s ,v s )\\ mm T* 1/q <CMT* 1/q 

yjo ) o<t<T* 

for r E (3, q], and 



\ 1/9 

||(Vu e ,U e )||l,9(o,T»;i'-(a3)) = I / ll(Vu £ ,w £ )||* r(R3) 



T* 

9 



<cU ||(VV,V U£ )||i!|j; 9 ||(V 3 u £ ,V\ £ )||il[Jj 9 ^J 

C T . \ 1/9 

||(V 2 U£ ,V« £ )|||- R 2 3) ||(V 3 u £ ,V 2 V£ )||'~| 3) dtJ 

3_1 / fT* \ 1/9 

<C Q< sup^ ||(vV, v« £ )]|J 2( l 3) f ^ ||(W, v 2 ^)||^ ( | 3) dt j 

<CM*-fT^ (7 ||(V 3 W£ ,V 2 « £ )|| 2 2(R3) d< 



S 4 



for r E (6, 00]. Due to the above two inequalities, we have 

lim[[(Vtt e ,U e )||i9(o ) T*;i'-(Ra)) < °°, 
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contradicting to (|4.14|) . This contradiction implies that T* must be the maximal 
existence time, completing the proof. □ 
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